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Abstract of the Dissertation

A Mo del Theory for Nonmonotonic Multiple Value and
Code Inheritance in Ob ject-Orien ted Kno wledge Bases

by
Guizhen Yang

Do ctor of Philosoph y
in

Computer Science

State University of New York
at Stony Brook

2002

We have developed a comprehensive model theory for nonmonotonic multiple
value and code inheritance in object-oriented knowledgebases.Our new inheritance
semantics, called optimistic object model semantics, supports implicit inferenceby
inheritance as well as explicit deductive inferencevia rules. Inferenceby inheritance
supports a multitude of features,such asoverriding, nonmonotonicmultiple valueand
code inheritance,meta programming,and dynamic classhierarchies| the important
featuresthat are fundamental to advancedobject-oriented knowledgemanagement.

In the setting of three-valued models, we formally de�ne the inheritance postu-
lates that capture the common intuition behind overriding and con
ict resolution
in nonmonotonicmultiple value and code inheritance. Thesepostulatesspecify the
minimum requirements for object models.

We specify an extendedalternating �xp oint procedurefor computing object mod-
els. We de�ne a unique object model, called optimistic object model, for any given
program that is written in our rule-basedquery language. We prove three di�er-
ent characterizationsof the optimistic object model semantics: an optimistic object
model is the least �xp oint of the extendedalternating �xp oint computation, is the
least stable object model with respect to information ordering, and is a minimal
object model with respect to truth ordering.

Our new inheritance semantics yields intuitiv ely satisfactory results in all known
benchmark cases,doesnot imposesyntactic restrictions on programs,and has been
implemented in the Flora-2 system. To the best of our knowledge, the optimistic
object model semantics is currently the only model-theoreticsemantics for nonmono-
tonic multiple valueand code inheritancethat appliesto general,unrestricted object-
oriented knowledgebases.
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Chapter 1

In tro duction

Object-oriented knowledgebasescombine the strengths of both object-oriented and
deductive programmingparadigms. Recent yearshave witnesseda great deal of suc-
cessof such systemsin projects ranging from data integration in neuroscience[23]
to processingsemistructured and semantic information on the Web [40, 12, 22, 51]
to information mediation [20, 21, 24] to commercialand research prototypesof Web
information and ontology management systems[11, 16, 13, 53, 41, 54].

Inheritance is one of the most fundamental featuresof object-oriented systems.
Code inheritance, realized through instance methods de�nitions, is commonly used
in imperative languageslike C++ and Java, while value inheritance, realizedthrough
classand object method de�nitions, is commonly usedin AI.

Nonmonotonicmultiple inheritance is of great signi�cance, due to its importance
in object-oriented modeling, its crucial role in the emerging�eld of ontology manage-
ment [15, 16,53, 41], and its increasingusein the �eld of security policy management,
especially discretionary and role-basedaccesscontrol [52, 46, 50, 3, 25, 10]. Thus,
unifying inheritance and deduction opensup new, important application areas.

Most of the previousproposalsin the literature fail to account for a clean,model-
theoretic semantics for nonmonotonicmultiple inheritancein the presenceof dynamic
classhierarchies, when inheritance and deduction closely interact. In addition, no
object-oriented knowledgebasesystemprovidesa satisfactorysolution to the problem
of incorporating value inheritance and code inheritance into onecoherent system.

In this work, we have developed a natural model-theoretic semantics, called op-
timistic object model semantics, for value and code inheritance in object-oriented
knowledgebases,which supports implicit inferenceby inheritance as well as explicit
deductive inferencevia rules. Inferenceby inheritance supports a multitude of fea-
tures, such as overriding, nonmonotonic multiple inheritance, meta programming,
and dynamic inheritance hierarchies | the important featuresthat are fundamental
to advancedobject-oriented knowledgemanagement.
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Chapter 1. In tro duction 2

We adopt the well-foundedsemantics [18, 17] and extendit with the ideasof local-
it y and context [26]. In the setting of three-valued models, we formalize the notions
of locality, context, and inheritance candidacy, and formally de�ne the inheritance
postulates. These postulates capture the common intuition behind overriding and
con
ict resolution in nonmonotonic multiple value and code inheritance, and spec-
ify the minimum requirements for an object model of a program. We alsospecify an
extendedalternating �xp oint procedureto computea uniqueobject model, calledop-
timistic object model, for any program. Moreover, we show the implementation of our
semantics by a rewriting algorithm which translates programswritten in our query
languageto general logic programsunder the well-foundedsemantics, and formally
prove that this implementation is correct with respect to the new semantics.

Our new semantics satis�es all the requirements for object-oriented knowledge
basesystemslisted in Section3.2, yields intuitiv ely satisfactory results in all known
benchmark cases,does not impose syntactic restrictions on programs (beyond re-
quiring them to be rule-based),and hasbeenimplemented in the Flora-2 system[59].
This newsemantics is robust in the sensethat it hasat least three di�eren t character-
izations: the optimistic object model is the least �xp oint of an extendedalternating
�xp oint operator; it is the least three-valued stable object model with respect to in-
formation ordering; and it is a minimal object model with respect to truth ordering.

To the best of our knowledge,the optimistic object model semantics is currently
the only model-theoretic semantics for nonmonotonicmultiple value and code inher-
itance that appliesto general,unrestricted object-oriented knowledgebases.

The rest of this dissertation is organizedas follows. In Chapter 2 we �rst in-
troduce the basic conceptsof overriding, nonmonotonic multiple inheritance, value
inheritance,and code inheritance. In this chapter we will alsoillustrate the problems
that result from combining inheritance and deduction in object-oriented knowledge
bases.

Chapter 3 summarizesour previous research and surveys the literature on value
and code inheritance. Chapter 4 introduces the preliminaries including the basic
�xp oint theory and the well-foundedsemantics for generallogic programs.

In Chapter 5 we introduce the syntax of a simpli�ed query languageand de�ne
a three-valued semantics for F-logic programs written in this language. Chapter 6
formalizesthe notion of an object model as well as the inheritance postulates that
an object model should satisfy. The operators that can be usedto compute object
modelsare de�ned in Chapter 7.

In Chapter 8 we introducestable object modelswhich satisfy a certain computa-
tional property of the operatorsde�ned in Chapter 7. Chapter 9 introducesoptimistic
object models, which are uniquely de�ned for F-logic programs,and shows that the
optimistic object model of an F-logic program is the least stable object model with
respect to information ordering. In Chapter 10 we introduce truth ordering among
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the object models of an F-logic program and formally prove that optimistic object
modelsare minimal with respect to this truth ordering.

Chapter 11 presents a rewriting algorithm that translates a given F-logic pro-
gram into a certain generallogic program, and provesthe isomorphismbetweenthe
well-foundedmodel of the rewritten program and the optimistic object model of the
original F-logic program. The data complexity of the optimistic object model seman-
tics is also discussedin this chapter. Finally, Chapter 12 discussesfuture work and
concludesthis dissertation.



Chapter 2

Inheritance in a Nutshell

In this chapter we will illustrate through examplesthe basic conceptsthat play an
important role in object-oriented knowledgebasesystems:overriding, nonmonotonic
multiple inheritance, value inheritance, and code inheritance. At the end, we will
also discussthe issuesof con
icts due to the closeinteraction between inheritance
and deduction.

2.1 Metho ds and Class Hierarc hies

To make the exposition easier to follow, we will use a subset of the F-logic syn-
tax to present the examplesin this chapter. The simpli�ed languageincludes only
three kinds of atomic statements: those that represent classmemberships,subclass
relationships,and (inheritable) multiv alued method1 speci�cations.

An atom of the form o: c says that the object o is a member2 of the classc; s:: c
says that the classs is a subclassof the classc; and e[m!! v] 3 speci�es that e, either
an object or a class,hasa multiv alued method, m, whosereturn value is a set, and v
is oneof the membersin that set. The symbolso, c, s, e, m, and v in the above atomic
formulas are �rst-order terms. They represent the IDs of objects, classes,methods,
and valuesof methods.

1We usethe words method and attribute interchangeably in this dissertation.
2We usethe words member and instance interchangeably in this dissertation.
3To reduce clutter, we do not syntactically distinguish between inheritable and noninheritable

methods. Moreover, sincesingle-valued methods are a special caseof multiv alued methods (with the
additional constraint that at most one return value is allowed), we usually usemultiv alued methods
to model single-valued methods.

4
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2.2 Overriding and Multiple Inheritance

In object-oriented languages,overriding meansthat de�nitions from a more speci�c
classtake precedenceover de�nitions in a more generalclass. For instance,consider
the following classicalexample.

Example 2.2.1 (Ro yal Elephan ts) The program herestatesthat the color of ele-
phants is gray and clydeis a royal elephant, which, of course,is an elephant.

elephant[color !! gray].
royalElephant:: elephant.
clyde: royalElephant.

What is the color of clyde? Although its color is not given directly in the above
program, we can infer clyde[color !! gray] by inheritance, sinceclydeis an elephant
and so it inherits the color, gray, of elephants.

Now supposewe learn that the color of royal elephants is white and the above
program is updated to re
ect this new information:

elephant[color !! gray].
royalElephant[color !! white].
royalElephant:: elephant.
clyde: royalElephant.

Although earlier we establishedthat the color of clydeis gray, we must withdraw this
conclusionbecauseof the newly added information. Sincemore speci�c de�nitions
override lessspeci�c ones,clydeshouldinherit the color, white, from the morespeci�c
classroyalElephant. 2

Clearly, overriding leadsto nonmonotonic inheritance. In nonmonotonic inheri-
tance, new basefacts do not necessarilylead to new inherited facts and might even
lead to withdrawal of previous conclusionsmade by inheritance. For instance, in
the above Example 2.2.1, the addition of the basefact royalElephant[color !! white]
invalidates the fact clyde[color !! gray] that was drawn previously. But overriding is
not the only sourceof nonmonotonicinheritance. In caseswherean object belongsto
multiple incomparableclasses,inheritancecon
icts can ariseand sotheir \canceling"
e�ects can lead to nonmonotonicinheritance aswell. This phenomenonis illustrated
by another classicalexamplethat follows.

Example 2.2.2 (Nixon Diamond) The programheresays that quakersin general
are paci�sts whereasrepublicansare usually hawks.
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quaker[policy!! paci�st].
republican[policy!! hawk].
nixon: quaker.
nixon: republican.

Which policy should nixon inherit, from quaker or republican? There are three
possibleapproachesto the problem. First, in the monotonic approach, nixon inher-
its the policies from the two classes,quaker and republican. So we could derive both
nixon[policy!! paci�st] and nixon[policy!! hawk]. Second,in the nondeterministic
approach, we require that inheritance should take place from a unique source. So
we would randomly select one of the two classesfor inheritance and derive either
nixon[policy!! paci�st] or nixon[policy!! hawk], but not both. Third, in the cautious
approach, we disallow inheritance for nixonfrom thesetwo classesbecausethey have
di�eren t valuesde�ned for the samemethod policy | a multiple inheritancecon
ict.
Thus we derive neither nixon[policy!! paci�st] nor nixon[policy!! hawk]. In this dis-
sertation, we pursuethe cautiousapproach to resolvingmultiple inheritancecon
icts.
2

2.3 Value and Code Inheritance

A traditional object-oriented databaseschema normally distinguishesbetween two
kinds of methods: instance methods and class methods. While instance method
de�nitions characterizeall instances(members) of a class,classmethod de�nitions
characterizethe classitself as an object [46]. When we specify an instancemethod
for a class, the code that de�nes the method is to be inherited by all instancesof
this classand the method value is computed for each instance. On the other hand,
when we specify a classmethod for a class, the value of the method is computed
for this classobject and the result is then inherited by all instancesof this class.
Moreover, we might needto explicitly de�ne methods for individual objects, which
act aslocal de�nitions and override the de�nition for the samemethod inherited from
a superclass.We will call thesede�nitions object method de�nitions . They aresimilar
to classmethod de�nitions except that they are not intended for inheritance.

Example 2.3.1 (V alue Inheritance) Suppose we want to compute bonuses for
employeesin the software department. Our policy is to award bonus basedon the
overall salesof the entire department. For example, every employee gets a bonus
of 1% of the total amount of sales. This idea can be encoded using the following
program.
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softwareDept[bonus!! N]  softwareDept[salesTotal !! S], N = S � 1%.
softwareDept[salesTotal !! 1000].
john: softwareDept.
mary: softwareDept.

The �rst two clausesin the above program are classmethod de�nitions for the
methods, bonus and salesTotal, of the class softwareDept, respectively. The �rst
rule de�nes the method bonus, whose value depends on the method salesTotal,
which is speci�ed as a fact. According to these two clause, we can infer
softwareDept[bonus!! 10].

The last two clausessimply say that john and mary are members of the class
softwareDept. Although the program does not explicitly de�ne the method bonus
for john, john will inherit the method bonusand its value (i.e., 10) from the class
softwareDept, since john has been known to be a member of it. Similarly, we can
derive mary[bonus!! 10]. 2

Example 2.3.2 (Co de Inheritance) Now we want to computebonusesfor all em-
ployeesin the hardware department, but this time using a policy that rewards indi-
vidual performance.For example,every employeegetsa bonus of 10%of the amount
of saleshe/shehasachieved. This ideacanbe illustrated usingthe following program.

code hardwareDept[bonus!! N]  hardwareDept[sales!! S], N = S � 10%.
mike: hardwareDept.
lucy: hardwareDept.
mike[sales!! 300].
lucy[sales!! 200].

Note that the �rst rule is marked with a special keyword, code, which says that it
is an instancemethod de�nition. It de�nes the method bonusfor all instancesof the
classhardwareDept. Intuitiv ely, the namehardwareDeptin this rule can be considered
as a \placeholder" that stands for a member of the classhardwareDept. The rest of
the program statesthat mike and lucyaremembersof hardwareDept, and de�nes sales
�gures for mike and lucy, respectively.

Let us seehow the method bonus can be computed for mike. Since mike is a
member of hardwareDeptand the �rst rule in the above program de�nes the method
bonusfor all instancesof hardwareDept, mike will inherit this rule to compute bonus
for himself. However, when inherited, this rule becomesinstantiated for the object
mike as follows:

mike[bonus!! N]  mike[sales!! S], N = S � 10%.
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i.e., mike gets substituted for hardwareDept. This corresponds to the so called late
binding in traditional object-oriented languageslike C++ and Java. It then follows
that mike[bonus!! 30]must betrue. Similarly, wecanderive lucy[bonus!! 20]. 2

Inheritance via instance method de�nitions, as illustrated in Example 2.3.2, is
called code inheritance, becauseit is the code that gets inherited as opposedto re-
sults of methods. Code inheritance is commonly usedin imperative object-oriented
languagessuch as C++ and Java. In contrast, inheritance via classmethod de�ni-
tions, as illustrated in Example 2.3.1, is called value inheritance, becauseit is the
results (when established)of methods that get inherited. This kind of inheritance is
commonly usedin AI [55, 36].

Oneof the fundamental di�erencesbetweenvalueinheritanceand codeinheritance
is that value inheritance is data-dependent whereascode inheritance is not. The
di�erence becomesapparent when classand object method de�nitions are speci�ed
by rules. If a classmethod is de�ned using a rule, then the \inheritabilit y" of this
de�nition hinges on the satis�abilit y of the rule body in the database. In other
words, the value speci�ed by the rule headbecomesinheritable only if its truth can
be establishedin the model for the program. Similarly, when an object method is
speci�ed using a rule, whether the method is actually locally de�ned or not depends
on the satis�abilit y of the rule body.

In contrast, although instance method de�nitions are also speci�ed using rules,
inheritabilit y of theserules is independent of whether the rule body is satis�ed or not.
After all, it is the codebut not the valuethat is inherited. Therefore,code inheritance
can be resolved when the classhierarchy is �xed. This is not true, however, for value
inheritance, becausethe truth values of atoms depend on the current state of the
database.

By combining the ideas of value and code inheritance together, we can design
more interesting applications, as illustrated by the following example.

Example 2.3.3 In Example 2.3.2, the bonus plan in the hardware department was
such that every employeewill get a bonus of 10%of the amount of saleshe/she has
achieved. Supposemike has a special deal and will get 15% if his salesexceeds500;
otherwise, his bonus is determined using the generaldepartment-wide policy. The
program segment to accomplishthis goal is as follows.

code hardwareDept[bonus!! N]  hardwareDept[sales!! S], N = S � 10%.
mike: hardwareDept.
mike[bonus!! N]  mike[sales!! S], S > 500,N = S � 15%.

The �rst rule here is an instancemethod de�nition for the classhardwareDept, while
the last rule is an object method de�nition for mike.
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It is instructive to seehow the method bonuscan be evaluated on mike under two
di�eren t conditions. On onehand, if the databasecontains the fact mike[sales!! 600],
then accordingto the last rule we candirectly derive the fact mike[bonus!! 90]. This
is a local property for mike which overrides the inheritance of the instance method
de�nition for bonusin the �rst rule. No code inheritance takesplacein this case.On
the other hand, if the databasecontains the fact mike[sales!! 300], then the body
of the last rule cannot be satis�ed and a value of bonus is not locally de�ned for
mike. In this case,becausemike belongsto hardwareDept, he can inherit the code
for computing the method bonusfrom the classhardwareDept. Therefore,we derive
mike[sales!! 30]. 2

2.4 Dynamic Class Hierarc hies

When classmembershipsand/or subclassrelationships are de�ned using rules, the
classhierarchy is no longer �xed; it becomesdata-dependent in the sensethat class
membershipsand subclassrelationshipsdependon the particular set of facts that the
knowledgebasecontains. We call such classhierarchies dynamic becausethey can
only be decidedat runtime but not at compile time.

For instance,considerthe following rule:

c1:: c2  c1[m!! v].

This rule says that whether or not the classc1 is a subclassof the classc2 dependson
the satis�abilit y of the fact c1[m!! v]. If the databaseimplies c1[m!! v] then c1 is
a subclassof c2; otherwise,it is not. Consequently, inheritance decisionsconcerning
the classc1 have to be delayed until runtime.

Becauseof dynamic classhierarchies, complex interactions between inheritance
and deduction can comeinto play, as illustrated by the following example.

Example 2.4.1 In programhere,the classgoodsrepresents all products and the �rst
rule says how to computetheir prices,i.e., price is cost plus pro�t margin. The class
luxuryGoods is a subclassof goods and represents thoseproducts whosecost exceeds
500. In commerce,normal goods and luxury goods usedi�eren t pro�t margins. We
encode this information by assigningdi�eren t values,100%and 200%, to the class
method margin of goods and luxuryGoods, respectively.
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code goods[price!! P]  
goods[cost!! C], goods[margin!! M], P = C� (1 + M).

luxuryGoods:: goods.
X : luxuryGoods  X : goods, X[cost!! P], P > 500.
goods[margin!! 100%].
luxuryGoods[margin!! 200%].
steelWatch: goods.
diamondRing: goods.
steelWatch[cost!! 100].
diamondRing[cost!! 600].

Considerthe price for the product steelWatch. Sinceits cost is 100, it is not a luxury
product. So its pro�t margin is 100%. Thus we derive steelWatch[price!! 200].
On the other hand, the product diamondRingcosts600. So it is a luxury product.
Therefore,it inherits its pro�t margin from luxuryGoods instead of goods, i.e., 200%.
Thus we derive diamondRing[price!! 1800]. 2

2.5 Inheritance and Deduction

The interactions betweeninheritance and deduction also bring up challenging prob-
lems in de�ning and computing inheritance semantics, especially in the presenceof
dynamic classhierarchies. We now illustrate someof the main di�culties. Although
here we present the examplesusing value inheritance only, the sameproblems can
also arise in the context of code inheritance. Theseissueswere �rst explored in [32]
but did not receive a satisfactory solution.

In the following examples,a solid arrow from a node c1 to another node c2 means
that c1 is either a subclass or a member of c2. All examplesin this section are
discussedinformally. The formal treatment will be given in Chapters6 and 7.

c2[m->>a]

c1

c1 : c2.
c2[m!! a].
c2[m!! b]  c1[m!! a].

Figure 1: Inheritance through Context

Example 2.5.1 Considerthe program in Figure 1. Without inheritance semantics,
this program has a unique model, which consistsof the �rst two facts. According
to the common intuition behind inheritance, c1 ought to inherit m!! a from c2.
However, just adding the fact c1[m!! a] will not make the resulting set a model,
sincethe last rule is no longer satis�ed: The least model that contains the inherited
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fact should also include c2[m!! b]. However, this begsthe question as to whether
c1 should inherit m!! b from c2 as well. The intuition suggeststhat the intended
model should be \stable" with respect to not only deduction but inheritance aswell.
Therefore,c1[m!! b] also should be in that model. This problem was recognizedin
[32], but the proposedsolution was not stable in the above sense,becauseit was not
basedon semantic principlesbut rather on an ad hoc de�nition of a plausible�xp oint
computation. 2

c2[m->>a]

c1

c1 : c2.
c2[m!! a].
c1[m!! b]  c1[m!! a].

Figure 2: Interaction betweenDerived and Inherited Facts

Example 2.5.2 Now consider the program in Figure 2, which is the sameas the
program in Figure 1 except for the head of the last rule. Again, the intuition sug-
geststhat c1[m!! a] ought to be derived via inheritance, and c1[m!! b] be derived
to make the resulting set of facts into a model in the conventional sense.This, how-
ever, leadsto the following observation. The method m of c1 now has one value, a,
which is inherited, and another value, b, which is derived via a rule. Although the
traditional frameworks for inheritance weredeveloped without deduction in mind, it
is clear that derived facts like c1[m!! b] are akin to \lo cal" method de�nitions and
so should be treated similarly. In particular, local de�nitions always override inher-
itance. The conclusion is that although derivation is done \after" inheritance, its
existenceunderminesthe original reasonfor inheritance. This is similar to the known
phenomenonwhere a reasonerrejects an assumptionwhen it leadsa contradiction.
Again, the framework presented in this dissertation,which is basedon semantic prin-
ciples, di�ers from the ad hoc computation in [32] (which keepsboth derived and
inherited facts). 2

c3[m->>b]

c1

c2[m->>a]
c1 : c2.
c3 :: c2.
c2[m!! a].
c3[m!! b].
c1 : c3  c1[m!! a].

Figure 3: Interaction betweenInheritance and Derived Intervening Superclass

Example 2.5.3 The program in Figure 3 shows a casewhere inheritance changes
the classhierarchy, which createsconditions that undermine the original reasonfor
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inheritance. Initially , c3 is not known to be a superclassof c1. So, it seemsthat c1

can inherit m!! a from c2. However, this makes the fact c1[m!! a] true, which in
turn causesc1 : c3 to be derived by the last rule of the program. Sincethis makesc3 a
morespeci�c superclassof c1 than c2, it appearsthat c1 ought to inherit m!! b from
c3 rather than m!! a from c2. However, this would make the fact c1 : c3 unsupported.
Either way, the deductive inferenceenabledby the original inheritance undermines
the support for the inheritance itself. Unlike [32], a logically correct solution in this
casewould be to leave the truth valuesof both c1 : c3 and c1[m!! a] undecided.The
dashedarrow from c1 to c3 indicates that c1 : c3 is neither true nor false. 2

c2[m->>a] c3[m->>b]

c1

c2[m!! a].
c3[m!! b].
c1 : c2.
c1 : c3  c1[m!! a].

Figure 4: Derived Multiple Inheritance

Example 2.5.4 The last program, in Figure 4, illustrates a similar problem, but
this time it occursin the context of multiple inheritance. Initially c3 is not known to
be a superclassof c1. So there is no multiple inheritance con
ict and the intuition
suggeststhat c1 should inherit m!! a from c2. But then c1 : c3 has to be added
in order to satisfy the last rule, which makes c3 a superclassof c1 and introduces
a multiple inheritance con
ict. As in the previous example, although this con
ict
becameapparent only after inheritance took place,it underminesthe original reason
for inheritance(which wasbasedon the assumptionthat c2[m!! a] is the only source
of inheritance for c1). Therefore, the truth valuesof c1[m!! a] and c1 : c3 should be
neither true nor false. Again, this conclusiondi�ers from [32]. 2



Chapter 3

Related Work

In this chapter, we �rst summarizeour previous research and then survey the liter-
ature on value and code inheritance in object-oriented knowledgebases.Finally, we
discussissuesrelated to simulating code inheritance using value inheritance.

3.1 Summary of Previous Research

The FLORA systemwasour �rst object-oriented knowledgebaseresearch prototype.
The main ideasof this implementation could be traced back to the FLIP system[39].
Implemented using the e�cien t tabling inferenceengineof XSB [49, 9], the FLORA
systemdemonstratedgood performancecomparableto other similar systemssuch as
FLORID [40] that wasimplemented with C++ . This early work proved the feasibility
of our implementation approach.

The original FLORA system played a central role in the �rst prototype of the
commercialWeb information management systemXRover [11]. This successled us to
embark on the moreambitious Flora-2 system[59], which incorporatesF-logic [31, 32],
HiLog [8], and Transaction Logic [4, 5] into a single, coherent logic languagealong
the lines described in [30].

In [58], westudiedsomeof the systemdesignand optimization issuesinvolving the
Flora-2 system, including its novel module system, path expressionsin rule heads,
transactions in a tabling environment, and a specialization technique designedto
improve indexing.

In the early versionsof the Flora-2 system, implementation of inheritance was
basedon preliminary ideas,which led to the development of the formal semantics to
be described later in this dissertation. Interestingly, although the ideasunderlying
this implementation \seemed" right, we later discovered that it was semantically in-
correctand our subsequent theoretical study helpedus�x this problem. The incorrect

13
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behavior did, in fact, surfacein real programsthat usersof Flora-2 wrote.

As the motivating examplesin Chapter 2 have alreadyshown, the correct solution
for inheritance semantics is not at all obvious. Our �rst step towards tackling the
problem of inheritancesemantics wasto developa model-theoreticsemantics for non-
monotonic multiple value inheritance [60]. Our current, comprehensive model theory
for value and code inheritance is built on top of our previous work reported in [60],
which dealt with model-theoretic semantics for value inheritance only.

3.2 Related Work in the Literature

We now brie
y survey the literature on value and code inheritance in object-oriented
knowledgebases. To make our comparisonconcrete,we �rst list the main features
that, in our opinion, an object-oriented knowledgebasesystemwith value and code
inheritance must possess:

(1) Implicit inferenceby inheritance, as well as explicit inferencevia rules.

(2) Dynamic classhierarchies, i.e., the abilit y to de�ne both classmemberships
and subclassrelationshipsvia rules. Although someproposalsallow de�ning
classhierarchiesusingrules,they do not allow querieson either classor object
methods to appear in the bodies of theserules. So the classhierarchies can
be decidedindependently of classand object methods. In such a case,we
will still call theseclasshierarchiesstatic.

(3) Data-dependent inheritance. This feature is closely related to value inheri-
tance. If inheritabilit y and locality of a method de�nition rely on the facts
stored in the database,then we call such inheritance data-dependent; other-
wise, it is data-independent.

(4) Overriding by intermediate superclasses. Here we are also interested in
whether the semantics takesinto account the interactions betweenvalue in-
heritanceand code inheritance.

(5) Nonmonotonicinheritance from multiple superclassesthat are incomparable
with respect to subclassrelationships. Someproposalsavoid the need for
resolvingmultiple inheritance con
icts by imposingsyntactic restrictions on
programs. In such cases,we will say that these proposalsdo not support
nonmonotonicmultiple inheritance.

(6) Meta-programming, by which variables can range over class and method
names.

(7) Late binding. This feature is commonly found in imperative object-oriented
languagessuch as C++ and Java that support code inheritance. Supporting
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late binding requiresresolvingmethod namesat runtime, whenthe classfrom
which the code is inherited is decided.

There is a large body of work basedon Touretzky's framework of Inheritance
Nets [55]. On one hand, the overriding mechanism in this framework is more so-
phisticated than what is typically consideredin the knowledgebasecontext. On the
other hand, this framework supports neither deductive inferencevia rules nor dy-
namic classhierarchies,which makesit too weak for many applications of knowledge
bases. [36] surveys several di�eren t approaches to computing inheritance semantics
basedon Inheritance Nets. We will not discussthis framework any further here.

There is also a large body of work on extending traditional relational database
systemswith object-oriented features. But most proposalsdo not support deduction
via inferencerules, which, as we saw, prevents the main di�cult y in de�ning inher-
itance semantics. Therefore we will not discusssuch works. For a comprehensive
survey on theseworks we refer the readersto [33].

Ullman surveyedseveral deductive object-oriented databasesystemsin [56]. How-
ever, his main concernswereobject identit y anddynamic typing, which areorthogonal
to our concerns.

Although F-logic [31, 32] resolved many semantic and proof-theoretic issuesin
object-oriented knowledgebases,the original semantics for inheritance in F-logic was
de�ned through a nondeterministic in
ationary �xp oint [32], which wasnot matched
by a corresponding model theory. The original F-logic �xp oint procedurewasknown
to produce questionableresults (cf. Section 2.5) when inheritance and deduction
interact. Moreover, only value inheritance was consideredin the original F-logic.

Ordered Logic [35, 34] includes certain abstractions of the object-oriented
paradigm. In this framework, both positive and negative literals are allowed in rule
heads,and inferencerules are grouped into a set of modules that collectively form
a static classhierarchy. Although Ordered Logic supports overriding and propaga-
tion of rules among di�eren t modules, the idea of late binding is not built into the
logic. Sinceit is primarily committed to resolvinginconsistencybetweenpositive and
negative literals, its semantics hasa strong value-basedvalue inheritance 
a vor.

Abiteboul et al. [1] proposea framework for implementing inheritance that is
basedon program rewriting using Datalog with negation. In spirit this implementa-
tion is closeto our implementation in Flora-2. However, [1] lacks strong theoretical
underpinnings,such as an independent model-theoretic formalization. On the prac-
tical side, this framework excludesnonmonotonicmultiple inheritance and makes a
strong assumptionthat programsrewritten by the algorithm in [1] must have a to-
tal (two-valued) well-foundedmodel. This latter assumptiondoesnot generallyhold
without strong syntactic restrictions that force program strati�cation.
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In [14], Dobbie and Topor develop a model-theoretic semantics for monotonic
code inheritance in the object-oriented databaselanguageGulog. A special feature
of their languageis that all variablesin a program must be explicitly typed according
to a separatesignature declaration. However, they do not support data-dependent
value inheritance and only considerpositive programswith a static classhierarchy.
More importantly, nonmonotonicmultiple inheritance is not built into their seman-
tics. Instead, syntactic restrictions are imposedon the programs to avoid multiple
inheritance con
icts.

Jamil and Lakshmanan[29] introducethe deductive object-oriented databaselan-
guageORLog, and proposea model theory for nonmonotonic multiple code inher-
itance. This work discussesthe techniques for resolving inheritance con
icts. But
it doesnot support data-dependent value inheritance and only considersstatic class
hierarchies.

The work of Bugliesi and Jamil [7] attempts to develop a model theory that
accounts for both value and code inheritance, which bearscloseresemblanceto two-
valuedstablemodels[19]. However, their semantics appliesonly to programswithout
negationin rule bodies(a severelimitation) and doesnot handlemultiple inheritance
con
icts properly, making it monotonic instead. In addition, their framework does
not support data-dependent value inheritance, and more importantly, it does not
provide an algorithm to computea canonicalmodel under their semantics.

May et al. [43] proposeto apply the alternating �xp oint procedurebehind the
well-founded semantics to evaluate F-logic programs. However, inheritance is still
dealt with in the sameway as in the original F-logic. Deduction and inheritance are
computed in two separatestagesand so the computation processhasan in
ationary
�xp oint 
a vor. Apart from beingad hoc, this semantics is known to producecounter-
intuitiv e resultswhendynamic classhierarchiesinteract with overriding and multiple
inheritance (cf. Section2.5).

Recently May and Kandzia [42] show that the original F-logic semantics can be
described using the in
ationary extension of Reiter's Default Logic [48]. In their
framework, inheritance semantics is encoded using defaults. As in [32], F-logic pro-
gramsstill have a two-valued semantics. However, insteadof adopting the full-blown
semantics of Default Logic, which is not even semidecidable,they introduce the in-

ationary extensionof it. Their inheritance strategy is in
ationary in the sensethat
oncea fact is derived through inheritance it is never undone. Therefore,a later in-
ferencemight invalidate the original conditions (encoded as justi�cations of defaults)
for inheritance (cf. Section 2.5). Moreover, nonmonotonic multiple inheritance is
handled in such a way that when multiple incomparable inheritance sourcesexist,
one of them is randomly selectedfor inheritance instead of none (as in our work).
Finally, code inheritance is not consideredin [42].
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In [26], Jamil introducesthe Datalog++ languagewhich supports encapsulation
and both value and code inheritance. He proposesa seriesof techniques to tackle
the inheritance problem. Among these, the ideasof locality and context have in
u-
encedour approach the most. However, this work does not support dynamic class
hierarchiesor meta-programming.Data-dependent valueinheritanceis not supported
either. Moreover, the inheritancesemantics in this work is ad hoc and is de�ned using
program rewriting (lack of theoretical underpinnings), although it doessupport late
binding through an elegant completion technique.

A morerecent proposalof Jamil [28] adoptsa proof-theoreticapproach to de�ning
inheritancesemantics. He extendsthe query languageintroducedin [26]and provides
new syntax to denoterules with di�eren t inheritance typesand di�eren t inheritance
modes. However, only static classhierarchies are allowed in this framework and the
proof theory doesnot account for nonmonotonicmultiple inheritance. Finally, data-
dependent value inheritance is not supported, sinceinheritabilit y is de�ned basically
the sameway as in [26].

A number of other works partially addressinheritance issuesin knowledgebases.
For instance,[38] de�nes signature-basedinheritance,which doesnot provide an over-
riding mechanism. In [2], inheritance is de�ned using the framework for modularit y
in logic programming developed in [6]. However, this approach does not support
multiple inheritance and dynamic classhierarchies.

3.3 Simulating Code Inheritance

The kind of inheritance consideredin the original F-logic [32] as well as in the new
model theory developed by us [60] is value inheritance. Instancemethod de�nitions
arenot supported at the languagelevel and do not appear in the semantics. However,
it has been shown that value inheritance can simulate code inheritance using the
meta programming feature of F-logic [32], and so pure value inheritance systemsare
consideredto be more generalthan pure code inheritance systems.

Example 3.3.1 To seehow the simulation works, supposewe want to achieve the
samee�ect of code inheritanceasin the following program by usingvalue inheritance
only.

code c1[m!! V]  c1[f!! V].
code c2[m!! V]  c2[g!! V].

c2:: c1.
o: c1.
o: c2.

The �rst two rules above de�ne the method m for all instancesof the classc1 and
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c2, respectively. Since c2 is a subclassof c1, its de�nition for m overrides that of
c1. Therefore, the object o inherits the de�nition for m from c2. Following the
generalsimulation techniquesasdescribed in [32], we can rewrite the above program
as follows.

c1[m name!! m c1].
X[m c1!! V]  X : c1, X[f !! V].
c2[m name!! m c2].
X[m c2!! V]  X : c2, X[g!! V].
c2:: c1.
o: c1.
o: c2.
X[m!! V]  X[m name!! M], X[M !! V].

In the above program, the new method name m c1 is introduced to implement the
method m for the classc1, and m c2 is introduced to implement the method m for
c2. Moreover, the new method name, m name, is needed,so that the samee�ect
of code inheritance for the method m can be achieved by having an object inherit
the appropriate method name through m nameand then evaluate this method on
itself. This is shown by the last rule in the above program. Thus we can derive
o[m name!! m c2] by value inheritance. And any call to o[m!! V] will result in
a call to o[m c2!! V], and then to o[g!! V]. This exactly what the original code
inheritance would have achieved. 2

Although value inheritance is capableof simulating code inheritance, there are a
number of disadvantagesin the simulation:

(1) Programmersbearthe burdenof introducingnewmethod namesthat must be
unique in the knowledgebase.This problem may be overcomeby automatic
program translation, however.

(2) The sizeof the simulation programincreases.In the worst caseit candouble.

(3) The declarativenessof code inheritance is degradedafter simulation, because
it is hard to foreseeall the consequencesof rewriting.

(4) Redundant information is forced into the canonical model of the rewritten
program. For instance, for the simulation program in Example 3.3.1, its
model has to include atoms like o[m c1!! x], which are \meaningless" to
users. Therefore, simulation is not friendly to bottom-up processorsthat
may decideto materialize the entire program.

A much biggerproblem is that the generalsimulation techniquesdo not naturally
lend themselves to the integration of value and code inheritance. This problem is
illustrated by the following example.
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Example 3.3.2 Let us apply the generalsimulation techniquesto the following pro-
gram which is copiedfrom the previousExample 2.3.3.

code hardwareDept[bonus!! N]  hardwareDept[sales!! S], N = S � 10%.
mike: hardwareDept.
mike[bonus!! N]  mike[sales!! S], S > 500,N = S � 15%.

We will get the following rewritten program, which contains class and object
method de�nitions only.

hardwareDept[bonusname!! bonushardwareDept].
X[bonushardwareDept!! N]  X : hardwareDept, X[sales!! S], N = S � 10%.
mike: hardwareDept.
X[bonus!! N]  X[bonusname!! M], X[M !! N].
mike[bonus!! N]  mike[sales!! S], S > 500,N = S � 15%.

However, the rewritten program does not function correctly in all cases. The
problemis that the intendedoverriding semantics betweenvalueand code inheritance
is lost after this rewriting. For example,supposethe knowledgebasecontains the fact
mike[sales!! 600]. Then accordingto our model theory for value inheritance, we can
deriveboth mike[bonus!! 90]and mike[bonus!! 60], although only mike[bonus!! 90]
is expected. 2



Chapter 4

Preliminaries

In this chapter we introduce the background knowledge that is essential to under-
standing the theoretical development in this dissertation. First we introduce the
basic �xp oint theory. Then we cover the well-founded semantics for general logic
programs. The materials in Section4.1 are mostly borrowed from [37]. And most of
the materials in Section4.2 are borrowed from [18] and [17].

4.1 Fixp oin t Theory

Given a set S, a relation R on S is a subsetof R � R. Normally we use the in�x
notation xRy to represent (x; y) 2 R. A relation R on a set S is a partial order if the
following conditions are satis�ed:

(1) xRx for all x 2 S.

(2) for all x; y 2 S: if xRy and yRx, then x = y.

(3) for all x; y 2 S: if xRy and yRz, then xRz.

For example,let S bea setand 2S bethe setof all subsetsof S. Then set inclusion,
� , is a partial order on 2S.

We adopt the standard notation and use� to denotea partial order. Let S be a
set with a partial order � and X be a subsetof S. Then u 2 S is an upper bound of
X if x � u for all x 2 X . Similarly, l 2 S is a lower bound of X if l � x for all x 2 X .

Let S be a set with a partial order � and X be a subsetof S. Then a 2 S is the
least upper bound of X , if a is an upper bound of X and a � c for all upper bound c
of X . Similarly, b2 S is the greatest lower bound of X , if b is a lower bound of X and
d � b for all lower bound d of X . Clearly, the least upper bound of X is unique if it
exists, and is denotedby lub(X ). Similarly, the greatestlower bound of X is unique

20
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if it exists, and is denotedby glb(X ).

A partially orderedset L is a completelattice if lub(X ) and glb(X ) exist for every
subsetX of L. We use the symbol > to denote the top element lub(L) and ? to
denotethe bottom elementglb(L).

For example,let S be a set and 2S be the set of all subsetsof S. Then 2S under
� is a completelattice. In fact, the least upper bound of a collection of subsetsof S
is their union and the greatest lower bound is their intersection. The top element is
S itself and the bottom element is ; .

Let L be a completelattice and T : L 7! L be a mapping. We say T is monotonic
if T( x) � T( y) whenever x � y. Let a 2 L. We say that a is the least �xp oint of T
if a is a �xp oint of T, i.e., T( a) = a, and a � b for all �xp oint b of T. Similarly, we
can de�ne the greatest �xp oint of T.

Prop osition 4.1.1 Let L be a complete lattice and T : L 7! L be a monotonic
mapping. Then T has a least �xp oint, denoted by lfp(T), and a greatest �xp oint,
denotedby gfp(T). Furthermore, lfp(T) = glb(f x j T( x) = xg) = glb(f x j T( x) � xg)
and gfp(T) = lub(f x j T( x) = xg) = lub(f x j x � T( x)g).

Pro of. See[37].
2

Prop osition 4.1.2 Let L be a complete lattice and T : L 7! L be a monotonic
mapping. Supposea 2 L and a � T( a). Then a � gfp(T). Similarly, if b 2 L and
T( b) � b, then lfp(T) � b.

Pro of. See[37].
2

Now werecallsomeelementary propertiesof ordinal numbers,which wewill simply
refer to asordinals. Intuitiv ely, the ordinals are what we useto count with. The �rst
ordinal 0 is de�ned to be ; . Then we de�ne 1 = f;g = f 0g, 2 = f; ; f;gg = f 0; 1g,
and so on. The �rst in�nite ordinal is ! = f 1; 2; : : :g. We can specify an ordering <
on the collection of all ordinals by de�ning � < � if � 2 � . If � is an ordinal, the
successorof � is the ordinal � + 1 = � [ f � g, which is the least ordinal greater than
� . We call � + 1 a successorordinal. An ordinal is called a limit ordinal if it is not
the successorof any ordinal. The smallest limit ordinal (apart from 0) is ! . After !
comes! + 1 = ! [ f ! g, ! + 2 = (! + 1) + 1, and so on. The next limit ordinal is
! 2, which is the set consistingof all n 2 ! and all ! + m wherem 2 ! . Then come
! 2 + 1, ! 2 + 2, : : :, ! 3, ! 3 + 1, ! 3 + 2, : : :, and so on.
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Let L be a completelattice and T : L 7! L be a monotonic mapping. We de�ne
the ordinal powersof T as follows:

T " 0 = ? for limit ordinal 0
T " � = T(T " � � 1) for successorordinal �
T " � = lub(f T " � j � < � g) for limit ordinal � 6= 0
T#0 = > for limit ordinal 0
T#� = T(T #� � 1) for successorordinal �
T#� = glb(f T#� j � < � g) for limit ordinal � 6= 0

Prop osition 4.1.3 Let L bea completelattice with a partial order � and T : L 7! L
be a monotonic mapping. Suppose� and � are ordinals. Then:

(1) for all � : T " � � lfp(T).

(2) for all � ; � : if � < � then T " � � T " � .

(3) there exists � such that T " � = lfp(T) whenever � � � .

(4) for all � : gfp(T) � T#� .

(5) for all � ; � : if � < � then T#� � T#� .

(6) there exists � such that T#� = gfp(T) whenever � � � .

Finally, we outline the principle of trans�nite induction, which is frequently used
in the proofs throughout this dissertation. Let P(� ) be a property about ordinals.
Assumethat for all ordinal � , if P(
 ) holds for all 
 < � , then P(� ) holds. Then
P(� ) holds for all ordinal � .

4.2 Well-F ounded Semantics

A general logic program is a �nite set of rules which may have both positive and
negative subgoals(alsocalled literals) in their bodies. For instance,the following rule
hasa positive subgoal,p(X), and a negative subgoal,: r(X).

p(X)  q(X); : r(X)

p(X) is the head of the rule while the rest (i.e., q(X); : r(X)) is the body of the rule.

It is desirableto associate oneHerbrand model with a generallogic program and
think of that model as the \meaning" of the program, or its \declarative seman-
tics". Ideally, queries directed to the program would be answered in accordance
with this model. The well-founded semantics for general logic programs was pro-
posedby Van Gelder et al. [18]. It assignsa unique, three-valued Herbrand model,
called well-founded model, to every generallogic program. The alternating �xp oint
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computation, which is widely usedto compute well-foundedmodels of generallogic
programs,was introducedby Van Gelder [17]. Przymusinski alsogave di�eren t char-
acterizationsof the well-foundedsemantics [44] and later showedthat the well-founded
semantics coincideswith the three-valued stable semantics [45].

Given a generallogic program P, its Herbrand universe, HUP, is the set of ground
(i.e., variable-free)terms that usethe function symbols and constants that appear in
the program. The Herbrand base, HBP, of P is the set of atomic formulas formed by
predicatesymbols in the program whosearguments are in the Herbrand universe.

The Herbrand instantiation, ground(P), of a generallogic program P is the set of
rules obtained by substituting terms in the Herbrand universefor variables in every
possibleway. A ground rule is one in the Herbrand instantiation. Although general
logic programsare assumedto be a �nite set of rules, their Herbrand instantiations
may well be in�nite. We shall be consideringHerbrand instantiations while de�ning
the well-foundedsemantics.

A three-valued interpretation I of a generallogic program P is a triple, hT; U; F i ,
whereT, U, and F are subsetsof HBP and pairwise disjoint. Moreover, T [ U [ F =
HBP. The atoms in T are true while the atoms in U are unde�ned and the atoms
in F are false. Intuitiv ely, \unde�ned" meanspossibly true or possibly false. Clearly,
if any two of the three setsT, U, and F are known, then the remaining set can be
decided. Sometimeswhen we write down a three-valued interpretation, we will only
show a pair of setsand omit the other one.

Given an interpretation I = hT; U; F i and a positive subgoalL, we say that L is
true in I if L 2 T and L is false in I if L 2 F. Similarly, for a negative subgoal: L,
we say that : L is true in I if L 2 F and : L is falsein I if L 2 T.

Well-foundedmodelsarethree-valuedinterpretations. In the original well-founded
semantics [18], well-foundedmodelsare de�ned in terms of the set of atoms that are
true (T) and the set of atoms that are false (F). However, under the alternating
�xp oint semantics [17], well-founded models can be de�ned in terms of the set of
atoms that are true (T) and the set of atoms that are unde�ned (U).

First wewill introducethe declarativesemantics of well-foundedmodelsasde�ned
in [18]1 . A very important notion is concernedwith the so-calledunfounded sets.

De�nition 4.2.1 (Unfounded Sets) Let P be a generallogic program and I be a
three-valuedinterpretation. Wesay A 2 HBP is an unfounded set with respect to I , if
each atom p 2 A satis�es the following condition: for each ground rule R 2 ground(P)
whoseheadis p, either

(1) Some(positive or negative) subgoalin the rule body of R is falsein I ; or

(2) Somepositive subgoalin the rule body of R belongsto A.

1We slight depart from the syntax of three-valued interpretations in [18].



Chapter 4. Preliminaries 24

Intuitiv ely, the interpretation I in the above de�nition can be consideredas the
(partial) information that is known about the intendedmodel of P. On onehand, rules
satisfying condition (1) are not usablefor further derivations sincetheir hypotheses
are alreadyknown to be false. On the other hand, condition (2) is the unfoundedness
condition: amongall the rulesthat might still beusableto derivesomethingin the set
A, each requiresan atom in A be true | a deadlock situation. In other words, there
is no oneatom in A which can be �rst establishedas true by the rules of P (starting
from "knowing" I ). Consequently, if we chooseto infer that someor all atoms in
A are false, there is no way we could later infer that one in A is true. Essentially ,
under the well-foundedsemantics, all atoms in an unfoundedset are simultaneously
inferred to be false.

Wecande�ne a union operator, [ , an intersectionoperator, \ , and a partial order,
� , on three-valued interpretations. Let I 1 = hP1; Q1 i and I 2 = hP2; Q2 i be two
three-valuedinterpretations (in two-setnotation), whereP1, P2 aresetsof atomsthat
aretrue and Q1, Q2 aresetsof atomsthat arefalse. Then I 1 [ I 2 = hP1 [ P2; Q1 [ Q2 i .
Similarly, I 1 \ I 2 = hP1 \ P2; Q1 \ Q2 i . Finally, I 1 � I 2 i� P1 � P2 and Q1 � Q2.

Clearly, given a generallogic program P, the set of three-valued interpretations,
whoseelements are atoms in HBP, constitutes a complete lattice with the partial
order � . For a set of three-valued interpretations, its least upper bound can be
computedusing the [ operator while its greatestlower bound canbe computedusing
the \ operator.

Next we introducethe operators that are neededto de�ne well-foundedmodels.

De�nition 4.2.2 The operators T P, U P, and W P are de�ned for a general logic
programP. Both T P and U P takea three-valuedinterpretation asinput and generate
a set of atoms. The operator W P takes a three-value interpretation as input and
generatesa new three-valued interpretation as follows:

W P(I ) = hT P(I ); U P(I ) i ; where

T P(I ) =
�

p

�
�
�
�
there is a ground rule R in ground(P) such that the head
of R is p, and each subgoalin the body of R is true in I

�

U P(I ) = the greatest unfoundedset of P with respect to I

Note that in the three-valued interpretation which is returned by W P(I ), the set
T P(I ) contains thoseatoms that are true, whereasU P(I ) contains thoseatoms that
are false.

Lemma 4.2.1 T P, U P, and W P are monotonic when P is �xed.

It follows that there always exists a (unique) least �xp oint of W P by Proposi-
tion 4.1.1. Now we are ready to de�ne well-foundedmodels.
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De�nition 4.2.3 Let P be a generallogic program. The well-foundedmodel of P is
de�ned as the least �xp oint of W P.

De�nition 4.2.4 Let P be a generallogic program and � range over all countable
ordinals. The interpretations I � and I 1 , whoseelements are atoms in HBP, are
de�ned as follows:

I 0 = h; ; ; i for limit ordinal 0

I � = W P(I � � 1) for successorordinal �

I � =
[

� <�

I � for limit ordinal � 6= 0

I 1 =
[

�

I �

Then it follows that W P = I 1 , by Proposition 4.1.3. In other words, I 1 is
equivalent to the well-foundedmodel.

Next we will present a di�eren t characterization of the well-founded semantics,
which is basedon the alternating �xp oint computation introducedby Van Gelder[17].
Note that in contrast to the previouscharacterizationwhich is de�ned in terms of the
set of atoms that are true and the set of atoms that are false, this characterization
is de�ned in terms of the set of atoms that are true and the set of atoms that are
unde�ned.

De�nition 4.2.5 Let P be a generallogic program and I be a subsetof HBP. The
operator CP;I takesas input a set of atoms, J, and generatesanother set of atoms.

CP;I (J) =

8
><

>:
H

�
�
�
�
�
�
�

There is H  A1; : : : ; Am; : B1; : : : ; : Bn 2 ground(P),
m � 0; n � 0, Ai (1 � i � m) and Bj (1 � j � n) are pos-
itiv e literals, and Ai 2 J for all 1 � i � m, Bj =2 I for all
1 � j � n.

9
>=

>;

Lemma 4.2.2 CP;I is monotonic when P and I are �xed.

It follows that CP;I has a unique least �xp oint. Having de�ned CP;I we can
introducetwo more operators.

De�nition 4.2.6 Let P be a generallogic program and I be a subsetof HBP. The
operators SP and A P are de�ned as follows:

SP(I) def= lfp(CP;I )

A P(I) def= SP(SP(I))

Lemma 4.2.3 SP is antimonotonic and A P is monotonic when P is �xed.
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It follows that A P hasa unique least �xp oint, lfp(A P). The following proposition
givesa di�eren t characterization of the well-foundedsemantics.

Prop osition 4.2.4 The well-foundedmodel, hT; U i , of a generallogic program P,
whereT is the set of atoms that are true and U is the set of atoms that are false,can
be computedas follows:

T = lfp(A P)

U = SP(lfp( A P)) � lfp(A P)

In the sequel,we will frequently refer to this characterization of the well-founded
semantics that is basedon the alternating �xp oint computation.



Chapter 5

Three-V alued Semantics

In this chapter, we will �rst introduce the syntax of our simple, rule-basedquery
language,which is a subsetof the original F-logic languagebut powerful enoughto
specify classhierarchiesand multiv alued method de�nitions. Then we will develop a
three-valued semantics for F-logic programswritten in this language.

5.1 Syntax

To developour model theory for valueand code inheritance,herewe focuson a small
subsetof F-logic, which includesonly three kinds of atoms: thosethat represent class
memberships, those that represent subclassrelationships, and those that represent
multiv alued method speci�cations.

An atom of the form o: c says that o is a member of the classc, while s:: c says
that s is a subclassof c (so c is a superclassof s, but not necessarilyan immediate
superclassof s), and s[m!! v] speci�es that s has a multiv alued method, m, whose
return value is a set, and v is oneof the members in that set. If s represents a class,
then s[m!! v] represents an inheritable1 multiv aluedclassmethod speci�cation (i.e.,
the valueof this method canbe inherited by all membersof this class). If s represents
an object, then s[m!! v] represents a multiv alued object method speci�cation.

The symbols o, c, s, m, and v in the above atomic formulas are �rst-order terms
that represent object IDs. Moreover, the terms that represent these entities in a
program can contain variablesand thus they can represent multiple objects, oneper
variable instantiation. This designmakesmeta-programmingin F-logic asnatural as
querying.

1Note that we slightly depart from the syntax of F-logic and use !! instead of ?!! to represent
inheritable multiv alued classmethods.

27
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Let A be any atom. A literal of the form A is calleda positive literal while a literal
of the form : A is called a negative literal. An F-logic program is a �nite set of rules
where all variablesare universally quanti�ed. There are two kinds of rules: V-rules
and C-rules. In general,V-rules represent de�nitions for classmemberships,subclass
relationships,inheritable classmethods, and object methods, while C-rules represent
instancemethod de�nitions only.

A V-rule has the following form:

8(H  L1 ^ : : : ^ Ln)

wheren � 0, H is a positive literal, and Li (0 � i � n) is either a positive or a negative
literal. H is called the head of the rule and can be any positive F-logic literal. The
conjunction of Li 's is called the body of the rule. The symbol 8 indicates that all
variables appearing in this rule are universally quanti�ed. Following the standard
convention, we will omit universalquanti�ers in the rules and simply write

H  L1; : : : ; Ln

A C-rule represents a pieceof code that speci�es an instancemethod de�nition.
A C-rule has the following form:

code c[m!! v]  L1; : : : ; Ln

It is similar to a V-rule except that a C-rule is marked with the special keyword
code and its rule headmust be a multiv alued method speci�cation. Given the above
C-rule, we will say that it speci�es the instance method m for the classc.

We will useuppercasenamesto denotevariablesand lowercasenamesto denote
constants. A rule with an empty body is called a fact. So a V-rule with an empty
body is called a V-fact and a C-rule with an empty body is called a C-fact. When
writing down the facts, we will omit the implication symbol and simply show the
head.

5.2 Three-V alued In terpretations

As illustrated by the motivating examplesin Section2.5, inheritance candidacycan
be invalidated by a subsequent derivation, which suggeststhe useof the stablemodel
semantics [19] or the well-foundedsemantics [18]. In this dissertation we adopt the
latter. Sincewell-founded models are three-valued and the original F-logic models
were two-valued [32], we needto de�ne a suitable three-valued semantics for F-logic
programs�rst.
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The Herbrand universe of an F-logic program P, denoted HUP, consistsof all
the ground (i.e., variable-free) terms constructed using the function symbols and
constants found in the program.

The Herbrand instantiation of an F-logic programP, denotedground(P), is the set
of rulesobtained by consistently substituting all the terms in HUP for all variablesin
every rule of P. Although the programP is �nite, its Herbrand instantiation may well
be in�nite. For the semantics to be discussedin this dissertation, we only consider
the Herbrand instantiation of a program.

The Herbrandbaseof an F-logic programP, denotedHBP, consistsof the following
sorts of atoms: o: c, s:: c, s[m!! v] s

local, o[m!! v] c
value, and o[m!! v] c

code, whereo, c,
s, m, and v are terms from HUP.

A three-valued interpretation I of an F-logic program P is a pair hT; U i , where
T and U are disjoint subsetsof the Herbrand baseHBP of P. The set T contains all
atoms that are true in I and U contains all atoms that are unde�ned in I . The set
F of all atoms that are false in I is de�ned as F = HBP � (T [ U). A three-valued
interpretation I = hT; U i is called two-valued if U = ; .

5.3 Truth Valuation Functions

Following [44, 45], we will de�ne the truth valuation functions for atoms, literals, and
V-rules. The atoms in HBP can take oneof the three values: t , f , and u. Note that
the truth value u meanspossibly true or possiblefalseand so carries more \truth"
than the truth value f . Therefore, the ordering among truth values is de�ned as
follows: f < u < t .

Givenan interpretation I = hT; U i of an F-logic programP, for any atom A from
HBP we can de�ne a truth valuation function I as follows:

I (A) =

8
<

:

t ; if A 2 T;
u; if A 2 U;
f ; otherwise.

Moreover, for any Ai 2 HBP, 1 � i � n:

I (A1 ^ : : : ^ An) = min fI (Ai)j1 � i � ng

Next we will extend the truth valuation function I to all V-rules in the Herbrand
instantiation, ground(P), of P.

In an interpretation of an F-logic program,atomsof the form s[m!! v] s
local capture

the idea that m!! v is locally de�ned at s via a V-rule, while atoms of the forms
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o[m!! v] c
value and o[m!! v] c

code, whereo 6= c, capture the idea that o inherits m!! v
from c by value and code inheritance, respectively.

Generally, the intuitiv e reading of a V-rule is as follows: the head of the rule
functions as a local de�nition while the body of the rule functions as a query. In
particular, if s[m!! v] is in the head of a rule and the body of the rule is satis�ed,
it meansthat m!! v is locally de�ned for s. If s[m!! v] appears in the body of a
rule, it is a query which tests whether s hasa local de�nition of m!! v, or s inherits
m!! v from somesuperclassby either value or code inheritance.

Therefore,the truth valuation of a ground F-logic literal may be di�eren t depend-
ing on whether this literal appears in a rule head or in a rule body. The following
de�nitions make the above discussionprecise.

De�nition 5.3.1 Given an interpretation I of an F-logic program P, the truth val-
uation functions Vh

I and Vb
I (h stands for head and b for body) on ground F-logic

literals are de�ned as follows:

Vh
I (o: c) = I (o: c)

Vh
I (s:: c) = I (s:: c)

Vh
I (s[m!! v]) = I (s[m!! v] s

local)

Vb
I (o: c) = I (o: c)

Vb
I (s:: c) = I (s:: c)

Vb
I (o[m!! v]) = max

8
<

:

I (o[m!! v] o
local)

I (o[m!! v] c
value)

I (o[m!! v] c
code)

�
�
�
�
�
�

c 2 HUP

9
=

;

Let L and Li (1 � i � n) be variable-freeliterals. Then

Vb
I (: L) = : Vb

I (L)

Vb
I (L1 ^ : : : ^ Ln) = min fV b

I (Li) j 1 � i � ng

where: f = t , : u = u, and : t = f .

We have the the following two lemmas regarding someproperties of the truth
valuation function Vb

I .

Lemma 5.3.1 Let I = hT; U i be an interpretation of an F-logic program P, L be a
ground literal in ground(P), J = hT; ; i , and K = hT [ U; ; i :

(1) If L is a positive literal, then Vb
I (L) = t i� Vb

J (L) = t .

(2) If L is a negative literal, then Vb
I (L) = t i� Vb

K (L) = t .

(3) If L is a positive literal, then Vb
I (L) � u i� Vb

K (L) = t .
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(4) If L is a negative literal, then Vb
I (L) � u i� Vb

J (L) = t .

Pro of.

(1) If L is a positive literal, then Vb
I (L) = t i� Vb

J (L) = t .

If L = o: c, then Vb
I (o: c) = t , i� I (o: c) = t , i� o: c 2 T, i� J (o: c) = t , i�

Vb
J (o: c) = t .

If L = s:: c, then Vb
I (s:: c) = t , i� I (s:: c) = t , i� s:: c 2 T, i� J (s:: c) = t ,

i� Vb
J (s:: c) = t .

If L = o[m!! v], then Vb
I (o[m!! v]) = t , i� I (o[m!! v] o

local) = t or
there exists c such that I (o[m!! v] c

value) = t or I (o[m!! v] c
code) = t ,

i� o[m!! v] o
local 2 T or there exists c such that o[m!! v] c

value 2 T or
o[m!! v] c

code 2 T, i� Vb
J (o[m!! v]) = t .

(2) If L is a negative literal, then Vb
I (L) = t i� Vb

K (L) = t .

If L = : o: c, then Vb
I (: o: c) = t , i� Vb

I (o: c) = f , i� I (o: c) = f , i�
o: c =2 T [ U, i� K(o: c) = f , i� Vb

K (o: c) = f , i� Vb
K (: o: c) = t .

If L = : s:: c, then Vb
I (: s:: c) = t , i� Vb

I (s:: c) = f , i� I (s:: c) = f , i�
s:: c =2 T [ U, i� K(s:: c) = f , i� Vb

K (s:: c) = f , i� Vb
K (: s:: c) = t .

If L = : o[m!! v], then Vb
I (: o[m!! v]) = t , i� Vb

I (o[m!! v]) = f , i�
I (o[m!! v] o

local) = f and I (o[m!! v] c
value) = f , I (o[m!! v] c

code) = f for all c,
i� o[m!! v] o

local =2 T [ U and o[m!! v] c
value =2 T [ U, o[m!! v] c

code =2 T [ U for
all c, i� K(o[m!! v] o

local) = f andK(o[m!! v] c
value) = f , K(o[m!! v] c

code) = f
for all c, i� Vb

K (o[m!! v]) = f , i� Vb
K (: o[m!! v]) = t .

(3) If L is a positive literal, then Vb
I (L) � u i� Vb

K (L) = t .

If L = o: c, then Vb
I (o: c) � u, i� I (o: c) � u, i� o: c 2 T [ U, i� K(o: c) = t ,

i� Vb
K (o: c) = t .

If L = s:: c, then Vb
I (s:: c) � u, i� I (s:: c) � u, i� s:: c 2 T [ U, i�

K(s:: c) = t , i� Vb
K (s:: c) = t .

If L = o[m!! v], then Vb
I (o[m!! v]) � u, i� I (o[m!! v] o

local) � u or
there exists c such that I (o[m!! v] c

value) � u or I (o[m!! v] c
code) � u, i�

o[m!! v] o
local 2 T [ U or there exists c such that o[m!! v] c

value 2 T [ U or
o[m!! v] c

code 2 T [ U, i� Vb
K (s[m!! v]) = t .

(4) If L is a negative literal, then Vb
I (L) � u i� Vb

J (L) = t .

If L = : o: c, then Vb
I (: o: c) � u, i� Vb

I (o: c) = I (s: c) � u, i� o: c =2 T, i�
Vb

J (o: c) = J (o: c) = f , i� Vb
J (: o:: c) = t .

If L = : s:: c, then Vb
I (: s:: c) � u, i� Vb

I (s:: c) = I (s:: c) � u, i� s:: c =2 T,
i� Vb

J (s:: c) = J (s:: c) = f , i� Vb
J (: s:: c) = t .
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If L = : o[m!! v], then Vb
I (: o[m!! v]) � u, i� Vb

I (o[m!! v]) � u, i�
I (o[m!! v] o

local) � u and I (o[m!! v] c
value) � u, I (o[m!! v] c

code) � u for all
c, i� o[m!! v] o

local =2 T and o[m!! v] c
value =2 T, o[m!! v] c

code =2 T for all c, i�
J (o[m!! v] o

local) = f and J (o[m!! v] c
value) = f , J (o[m!! v] c

code) = f for all
c, i� Vb

J (o[m!! v]) = f , i� Vb
J (: o[m!! v]) = t .

2

Lemma 5.3.2 Let I = hA; ; i and J = hB; ; i be interpretations of an F-logic
program P, A � B, and L be a ground literal in ground(P):

(1) If L is a positive literal and Vb
I (L) = t , then Vb

J (L) = t .

(2) If L is a negative literal and Vb
J (L) = t , then Vb

I (L) = t .

Pro of.

(1) If L is a positive literal and Vb
I (L) = t , then Vb

J (L) = t .

If L = o: c, then o: c 2 A � B. SoVb
J (o: c) = t .

If L = s:: c, then s:: c 2 A � B. SoVb
J (s:: c) = t .

If L = o[m!! v], then I (o[m!! v] o
local) = t or there exists c such that

I (o[m!! v] c
value) = t or I (o[m!! v] c

code) = t . Thus o[m!! v] o
local 2 A � B

or there exists c such that o[m!! v] c
value 2 A � B or o[m!! v] c

code 2 A � B.
It follows that Vb

J (o[m!! v]) = t .

(2) If L is a negative literal and Vb
J (L) = t , then Vb

I (L) = t .

If L = : o: c, then Vb
J (o: c) = f . Therefore, o: c =2 B. So o: c =2 A and

Vb
I (o: c) = f . It follows that Vb

I (: o: c) = t .

If L = : s:: c, then Vb
J (s:: c) = f . So s:: c =2 B and s:: c =2 A. Thus

Vb
I (s:: c) = f . It follows that Vb

I (: s:: c) = t .

If L = : o[m!! v], then Vb
J (o[m!! v]) = f . Thus J (o[m!! v] o

local) = f
and J (o[m!! v] c

value) = f , J (o[m!! v] c
code) = f for all c. It follows that

o[m!! v] o
local =2 B and o[m!! v] c

value =2 B, o[m!! v] c
code =2 B for all c. There-

fore, o[m!! v] o
local =2 A and o[m!! v] c

value =2 A, o[m!! v] c
code =2 A for all c.

SoVb
I (o[m!! v]) = f and Vb

I (: o[m!! v]) = t .

2

5.4 V-Rule Satisfaction

With the de�nitions of Vh
I and Vb

I , we can de�ne the truth valuation function I
on ground V-rules. We should note that although the truth valuation function I is
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three-valued when applied to ground atoms, it becomestwo-valued when applied to
ground V-rules. Intuitiv ely, a ground V-rule is evaluated to be true if and only if the
truth value of rule head is greater than or equal to the truth value of the rule body.
Formally, we have the following de�nition.

De�nition 5.4.1 Given an interpretation I of an F-logic program P, the truth val-
uation function I on a ground V-rule, H  B, in ground(P), is de�ned as follows:

I (H  B) =
�

t ; if Vh
I (H) � Vb

I (B);
f ; otherwise.

And the truth valuation function I on a ground V-fact, H, in ground(P), is de�ned
as follows:

I (H) =
�

t ; if Vh
I (H) = t ;

f ; otherwise.

We will say that a three-valued interpretation satis�es the V-rules of an F-logic
program, if it satis�es all the ground V-rules of this program.

De�nition 5.4.2 (V-Rule Satisfaction) A three-valued interpretation I satis�es
the V-rules of an F-logic program P, if for every V-rule R in ground(P), I (R) = t .
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Inheritance Postulates

Evenif an interpretation I satis�es all the V-rules of an F-logic programP, it doesnot
necessarilymeanthat I is an intendedobject model of P, becauseI must alsoinclude
facts that are derived by inheritance. F-logic programsspecify only classhierarchies
and method de�nitions | what needsto be inherited is not explicitly stated. In
fact, as we saw in Section2.5, de�ning exactly what should be inherited is a subtle
issue. In our framework, it is the job of the inheritance postulates, which embody the
common intuition behind nonmonotonic multiple inheritance. The purposeof this
chapter is to de�ne thesepostulatesand the associated notion of an object model.

Intuitiv ely, c[m] is an inheritance context for o, if o is a member of the classc,
and m!! v is locally de�ned at c for somevalue v (i.e., c[m!! v] is de�ned asa fact
or derived via a V-rule) or there is a C-rule which speci�es the instancemethod m
for the classc. Inheritance context is necessaryfor inheritance to take place, but is
not su�cien t. Indeed, inheritance of the valuesof m from c might be overridden by
a more speci�c inheritance context that sits below c along the inheritance path. If
an inheritance context is not overridden by any other inheritance context, then we
call it an inheritance candidate. Inheritance candidatesrepresent potential sources
for inheritance. But there must be exactly one inheritance candidate for inheritance
to take place| having more just leadsto a multiple inheritance con
ict.

The variousconceptsto bede�ned in this chapter comein with two 
a vors: strong
or weak. The \strong" 
a vor of a conceptrequiresthat all relevant facts be positively
establishedwhile the \w eak" 
a vor allows someor all facts to be unde�ned.

34
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6.1 Inheritance Candidates

De�nition 6.1.1 (Lo cal Con text) Given an interpretation I of an F-logic pro-
gram P, s[m] is a strong local context, if maxfI (s[m!! v] s

local)jv 2 HUPg = t . Simi-
larly, s[m] is a weak local context if maxfI (s[m!! v] s

local)jv 2 HUPg = u.

De�nition 6.1.2 (V alue Inheritance Con text) Given an interpretation I of an
F-logic program P, c[m] is a strong value inheritance context for o, if c 6= o1 and
min fI (o: c); maxf c[m!! v] c

localjv 2 HUPgg = t . (i.e., the object o is a proper mem-
ber of the classc and c[m] is a strong local context). Similarly, c[m] is a weak valuein-
heritance context for o if c 6= o and min fI (o: c); maxf c[m!! v] c

localjv 2 HUPgg = u .

De�nition 6.1.3 (Co de Inheritance Con text) Given an interpretation I of an
F-logic programP, c[m] is a strongcodeinheritance context for o, if c 6= o, I (o: c) = t ,
and there is a C-rule in P which speci�es the instance method m for the classc.
Similarly, c[m] is a weak code inheritance context for o if c 6= o, I (o: c) = u, and
there is a C-rule in P which speci�es the instancemethod m for the classc.

Note that local contexts can only be establishedvia V-rules but not C-rules. The
di�erence betweena value and a code inheritance context is that the former requires
at least onevalue be establishedfor its classmethod via a V-rule, whereasthe latter
only requiresthe presenceof at least oneC-rule which speci�es its instancemethod.

Therefore, if inheritance takes place from a value inheritance context, it is the
valuesof this classmethod that will be directly inherited by its members. On the
contrary, when inheritance takesplacefrom a code inheritance context, it is the de�-
nitions of this instancemethod that will be inherited. Furthermore, thesede�nitions
will be evaluated in the context of individual members, which does not necessarily
entail that a value of this instancemethod be derived for a member of this class.

When the di�erence between value and code inheritance is not important, we
will generally use the term inheritance context to refer to either a value or a code
inheritance context. In the following de�nitions we will seethat value and code
inheritance contexts are treated equally as far as overriding is concerned.

De�nition 6.1.4 (Ov erriding) Given an interpretation I of an F-logic program P,
the classs strongly overrides c[m] for o, if s 6= c, I (s:: c) = t , and s[m] is either a
strong value inheritance context or a strong code inheritance context for o.

The class s weakly overrides c[m] for o if the above conditions are relaxed by
allowing s:: c to be unde�ned and/or allowing s[m] to be a weak inheritance context.
Formally this meansthat either

(1) I (s:: c) = t and s[m] is a weak inheritance context for o; or

1c 6= o meansthat c and o are distinct terms.
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(2) I (s:: c) = u and s[m] is either a weak or a strong inheritance context for o.

De�nition 6.1.5 (V alue Inheritance Candidate) Given an interpretation I of
an F-logic program P, c[m] is a strong value inheritance candidate for o, denoted
c[m] sv; I o, if c[m] is a strong value inheritance context for o, and there is no s that
strongly or weakly overridesc[m] for o.

c[m] is a weak value inheritance candidate for o, denotedc[m] wv; I o, if the above
conditionsare relaxedby allowing c[m] to be a weakvalue inheritancecontext and/or
allowing weak overriding. Formally, this meansthat there is no s that strongly over-
rides c[m] for o, and either

(1) c[m] is a weak value inheritance context for o; or

(2) c[m] is a strong value inheritance context for o and there is s that weakly
overridesc[m] for o.

De�nition 6.1.6 (Co de Inheritance Candidate) Given an interpretation I of
an F-logic program P, c[m] is a strong code inheritance candidate for o, denoted
c[m] sc; I o, if c[m] is a strong code inheritance context for o, and there is no s that
strongly or weakly overridesc[m] for o.

c[m] is a weak code inheritance candidate for o, denoted c[m] wc; I o, if the above
conditions are relaxedby allowing c[m] to be a weakcode inheritancecontext and/or
allowing weak overriding. Formally, this meansthat there is no s that strongly over-
rides c[m] for o, and either

(1) c[m] is a weak code inheritance context for o; or

(2) c[m] is a strong code inheritance context for o and there is s that weakly
overridesc[m] for o.

Example 6.1.1 As an example,consideran interpretation I = hT; U i of an F-logic
program P, where

T = f c1 : c2; c1 : c4; c1 : c5; c2 :: c4; c3 :: c5g [

f c2[m!! a]c2
local; c3[m!! b] c3

local; c4[m!! c] c4
localg

U = f c1 : c3g

I and P are illustrated in Figure 5, wheresolid and dashedarrows represent true and
unde�ned values,respectively.

In the interpretation I , c2[m] and c4[m] are strong value inheritance contexts for
c1. c5[m] is a strong code inheritance context for c1. On the other hand, c3[m] is a
weak value inheritance context for c1. The classc2 strongly overrides c4[m], while
c3 weakly overridesc5[m]. The context c2[m] is a strong value inheritance candidate
for c1, while c3[m] is a weak value inheritance candidate and c5[m] is a weak code
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inheritance candidate for c1. Finally, c4[m] is neither a strong nor a weak value
inheritance candidate for c1. 2

c1

c5

c3[m->>b]

c4[m->>c]

c2[m->>a]

c1 : c2.
c1 : c5.
c2 :: c4.
c3 :: c5.
c2[m!! a].
c3[m!! b].
c4[m!! c].

code c5[m!! v]  c5[f !! x].

Figure 5: Inheritance Context, Overriding, and Inheritance Candidate

For convenience,we will simply write c[m]; I o when it doesnot matter whether
c[m] is a strong or a weak value or code inheritance candidate. Now we are ready to
introduceour postulatesfor nonmonotonicmultiple value and code inheritance.

6.2 Core Inheritance Postulates

De�nition 6.2.1 (P ositiv e ISA Transitivit y) An interpretation I of an F-logic
program P satis�es the positive ISA transitivity constraint if the positive part of
the class hierarchy is transitiv ely closed, formally, if the following two conditions
hold:

(1) for all s, c: if there is x such that I (s:: x) = t and I (x :: c) = t , then
I (s:: c) = t ;

(2) for all o, c: if there is x such that I (o: x) = t and I (x :: c) = t , then
I (o: c) = t .

De�nition 6.2.2 (Con text Consistency) An interpretation I of an F-logic pro-
gram P satis�es the context consistency constraint, if the following conditions
hold:

(1) for all o; m; v: I (o[m!! v] o
value) = f and I (o[m!! v] o

code) = f ;

(2) for all c; m; v: if I (c[m!! v] c
local) = f , then I (o[m!! v] c

value) = f for all o;

(3) for all c; m: if there is no C-rule in ground(P) which speci�es the instance
method m for the classc, then I (o[m!! v] c

code) = f for all o; v;

(4) for all o; m: if o[m] is a strong local context, then I (o[m!! v] c
value) = f and

I (o[m!! v] c
code) = f for all v, c.
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The context consistencyconstraint capturesthe implications of locality and speci-
�cit y. The �rst condition rules out self inheritance. The secondcondition statesthat
if m!! v is not locally de�ned at c, then no classshould inherit m!! v from c by
value inheritance. The third condition states that if a classc does not specify an
instance method m, then no object should inherit any value of m from c by code
inheritance. The fourth condition states that if m!! v is locally de�ned at o, then
this de�nition should prevent o from inheriting any value of m from other classes.

The following constraint captures the meaning of nonmonotonic multiple value
and code inheritance. Intuitiv ely, we want our semantics for inheritance to have such
a property that if inheritance is allowed, then it should take place from a unique
source.

De�nition 6.2.3 (Unique Source Inheritance) An interpretation I of an F-logic
program P satis�es the unique source inheritance constraint, if the following two
conditions hold:

(1) for all o; m; v; c: if I (o[m!! v] c
value) = t or I (o[m!! v] c

code) = t , then
I (o[m!! z]x

value) = f and I (o[m!! z]x
code) = f for all z; x such that x 6= c.

(2) for all c; m; o: if c[m] sv; I o or c[m] sc; I o, then I (o[m!! v] x
value) = f and

I (o[m!! v] x
code) = f for all v, x such that x 6= c.

(3) for all o; m; v; c: I (o[m!! v] c
value) = t i�

(i) o[m] is neither a strong nor a weak local context; and
(ii) c[m] sv; I o; and
(iii) I (c[m!! v] c

local) = t ; and
(iv) there is no x such that x 6= c and x[m]; I o.

The �rst condition above states that if a positive value or code inheritance takes
place from a class, then no value and code inheritance can take place from other
classes.

The secondcondition states that if a strong value or code inheritance candidate,
c[m], exists,then inheritanceof the method m cannot takeplacefrom any other source
(becausethis would be a multiple inheritance con
ict). However, inheritance of the
method m can take placefrom c, if there are no other inheritance candidatesand no
local contexts.

The third condition speci�es when \p ositive" value inheritance takes place. An
object o must inherit m!! v from a classc by value inheritance if and only if: (i) no
value is locally de�ned for the method m at o; (ii) c[m] is a strong value inheritance
candidatefor o; (iii) m!! v is locally de�ned at c and is positive; and (iv) there are
no other inheritance candidates| weak or strong | from which o could inherit the
method m.
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6.3 C-Rule Satisfaction

Intuitiv ely, a model of an F-logic program shouldsatisfy all the rules in this program.
In Section 5.4 we have de�ned the truth valuation function on ground V-rules and
the associated notion of V-rule satisfaction. Now we will extend the truth valuation
function to ground C-rules.

Satisfactionof C-rules, however, is di�eren t from that of V-rules, becauseC-rules
specify instance method de�nitions for classes.Only when thesede�nitions are in-
herited by individual membersof a classshould they be satis�ed.

When code inheritance takes place, an object inherits the instance method def-
initions from the classto which it belongs. Once inherited, these instance method
de�nitions are evaluated in the context of individual objects. This correspondsto the
idea of late binding in imperative object-oriented languageslike C++ and Java.

In a ground C-rule which speci�es an instancemethod m for a classc, the namec
can be consideredas a placeholder that standsfor any member of the classc. When
this C-rule is inherited, the namec will besubstituted by the oidsof individual objects
that belongto this class.

De�nition 6.3.1 (Binding) Let R � (code c[m!! v]  B) be a ground C-rule
which speci�es the instancemethod m for the classc. The binding of R with respect
to o, denotedRjjo, is obtained from R by substituting o for every occurrenceof c in
R. We will useX cno to represent the term that is obtained from X by substituting o
for every occurrenceof c in X.

Therefore, the truth valuation function will be de�ned on bindings of ground
C-rules insteadof on C-rulesdirectly. Intuitiv ely, whenan object inherits the C-rules
from a class, the bindings of these C-rules would act like local de�nitions for this
object and so should be satis�ed similarly to V-rules. However, becauseonly those
C-rules which are inherited need to be satis�ed, satisfaction of C-rules dependson
how they are inherited: strongly or weakly.

De�nition 6.3.2 (Strong Code Inheritance) Let I be an interpretation of an
F-logic program P and let R � (code c[m!! v]  B) be a C-rule in ground(P). An
object o strongly inherits R, if the following conditions hold:

(1) c[m] sc; I o;

(2) o[m] is neither a strong nor a weak local context;

(3) there is no x 6= c such that x[m]; I o.

Given a ground C-rule which speci�es the instancemethod m for the classc, we
say that an object o strongly inherits R, if: (i) c[m] is a strong code inheritance
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candidate for o, i.e., c[m] is not overridden by any intermediate classes; (ii) o[m] is
neither a strong nor a weak local context, i.e., o hasno locally de�ned valuesfor the
method m; and (iii) there are no other strong or weak inheritance candidates,i.e.,
there is no multiple inheritance con
ict at all.

De�nition 6.3.3 (W eak Code Inheritance) Let I be an interpretation of an
F-logic program P and R � code c[m!! v]  B be a C-rule in ground(P). An
object o weakly inherits R, if the following conditions hold:

(1) c[m] sc; I o or c[m] wc; I o;

(2) o[m] is not a strong local context;

(3) there is no x 6= c such that x[m] sv; I o or x[m] sc; I o;

(4) o doesnot strongly inherit R.

Given a ground C-rule which speci�es the instancemethod m for the classc, we
say that an object o weakly inherits R, if: (i) c[m] is either a strong or a weak code
inheritancecandidatefor o, i.e., there is no strong evidencethat c[m] is overriddenby
an intermediate class; (ii) o[m] is not a strong local context, i.e., there is no strong
evidencethat o has locally de�ned valuesfor the method m; (iii) there are no other
strong value or code inheritance candidates, i.e., there is no strong evidencefor a
multiple inheritance con
ict; and (iv) o doesnot strongly inherit R.

Given an interpretation I of an F-logic program P, let R be a C-rule in ground(P)
and Rjjo be the binding of R with respect to o. We can de�ne a function, imodeI , on
bindings of ground C-rules, which returns the \inheritance mode" of a binding:

imodeI (Rjjo) =

8
<

:

t ; if o strongly inherits R;
u; if o weakly inherits R;
f ; otherwise.

When imodeI (Rjjo) = t , we will say that Rjjo is in strong code inheritance mode.
Similarly, we will say Rjjo is in weak code inheritance mode if imodeI (Rjjo) = u.

Note that in an interpretation atoms of the form o[m!! v] c
code represent those

facts that we can derive after binding a C-rule, which speci�es the instancemethod
m for the classc, with the object o via code inheritance. The truth valuation function
can be extendedto ground C-rules as follows.

De�nition 6.3.4 Let I be an interpretation, R � (code c[m!! v]  B) be a
ground C-rule, and F � (code c[m!! v]) be a ground C-fact. The truth valuation
function I on Rjjo and Fjjo (the bindings of R and F with respect to o, respectively)
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is de�ned as follows:

I (Rjjo) =

8
>><

>>:

t ; if imodeI (Rjjo) � u and
I (o[m!! v] c

code) � min fV b
I (B cno); imodeI (Rjjo)g;

t ; if imodeI (Rjjo) = f and I (o[m!! v] c
code) = f ;

f ; otherwise.

I (Fjjo) =

8
<

:

t ; if imodeI (Rjjo) � u and I (o[m!! v] c
code) � imodeI (Rjjo);

t ; if imodeI (Rjjo) = f and I (o[m!! v] c
code) = f ;

f ; otherwise.

Note that when imodeI (Rjjo) = f , i.e., o neither strongly nor weakly inherits R, it
is required that I (o[m!! v] c

code) = f to satisfy Rjjo. The intuition behind this is that
if an object cannot inherit a C-rule at all, then the e�ect of code inheritance should
not be seenin the model. Therefore, strong or weak code inheritance mode should
be a necessarycondition for code inheritance to take place.

There is an interesting observation. In the caseof strong code inheritance, the
truth valuation function on C-rules will be de�ned essentially the sameway as on
V-rules. Clearly, imodeI (Rjjo) = t under strong code inheritance. It follows that:
(i) I (o[m!! v] c

code) � min fV b
I (B cno); imodeI (Rjjo)g i� I (o[m!! v] c

code) � Vb
I (B cno);

and (ii) I (o[m!! v] c
code) � imodeI (Rjjo) i� I (o[m!! v] c

code) = t .

The idea of C-rule satisfaction can be simply stated as follows.

De�nition 6.3.5 (C-Rule Satisfaction) A three-valued interpretation I satis�es
the C-rules of an F-logic program P, if I (Rjjo) = t for all C-rule R 2 ground(P) and
all o 2 HUP.

6.4 Ob ject Mo dels

We are now ready to state formally what it meansto be an object model of an F-logic
program.

De�nition 6.4.1 (Ob ject Mo del) An interpretation I of an F-logic program P is
called an object model of P, if I satis�es both the V-rules and the C-rules in P, plus
the following three postulates: the positive ISA transitivit y constraint, the context
consistencyconstraint, and the unique sourceinheritance constraint.

Example 6.4.1 Considerthe two programsin Figures6(b) and 6(c) which sharethe
sameclasshierarchy as shown in Figure 6(a). Let

C = f c1 : c2; c1 : c3; c2 :: c4; c3 :: c4g
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and I 1 = hT1; U1 i be an interpretation for the program in Figure 6(b), where

T1 = C [ f c4[m!! a]c4
local; c1[m!! a]c4

valueg

U1 = ;

Onecanverify that I 1 is an object model for the program in Figure 6(b). From I 1 we
can seethat c4[m] is the unique strong value inheritance candidatefor c1 and m!! a
is locally de�ned at c4. Therefore,c1 can inherit m!! a from c4.

Let C be the sameset of ISA atoms as before and consider the interpretation
I 2 = hT2; U2 i for the program in Figure 6(c), where

T2 = C [ f c2[m!! b] c2
local; c3[m!! b] c3

local; c1[m!! b] c2
value; c1[m!! b] c3

valueg

U2 = ;

Clearly, I 2 satis�es the program in Figure 6(c). But it is not an object model |
the presenceof each oneof c1[m!! b] c2

value and c1[m!! b] c3
value in I 2 violates the �rst

condition of the unique sourceinheritance constraint.

Finally, considerI 3 = hT3; U3 i for the program in Figure 6(c), where

T3 = C [ f c2[m!! b] c2
local; c3[m!! b] c3

local; c1[m!! b] c2
valueg

U3 = ;

However, I 3 is not an object model either | the presenceof c1[m!! b] c2
value in I 3

violates both the secondand the third condition of the unique sourceinheritance
constraint, becauseboth c2[m] and c3[m] are strong value inheritance candidatesfor
c1 and c2 6= c3. 2

c3

c4

c1

c2

c1 : c2.
c1 : c3.
c2 :: c4.
c3 :: c4.
c4[m!! a].

c1 : c2.
c1 : c3.
c2 :: c4.
c3 :: c4.
c2[m!! b].
c3[m!! b].

(a) (b) (c)

Figure 6: Unique SourceInheritance

It is worth pointing out the di�erence betweensource-based and value-based ap-
proaches to nonmonotonic multiple inheritance. Supposec2[m] and c3[m] are both
strong inheritance candidatesfor c1, wherec2 6= c3. In the source-basedapproach c1

has a multiple inheritance con
ict on the method m regardlessof the return values



Chapter 6. Inheritance Postulates 43

of the method m in c1 and c2. On the contrary, in the value-basedapproach, no
con
ict would occur if m returns the same set of values in both classesc2 and c3.
For instance,the above interpretation I 2 for the program in Figure 6(c) would be an
object model under the value-basedapproach, sincem returns the sameset of values,
f bg, in c2 and c3. However, value-basednonmonotonicmultiple inheritance requires
higher-orderreasoningand is expensive to compute. In this dissertation we consider
only source-basedinheritance.

6.5 Optimistic Inheritance Postulates

The constraints introduced so far capture the intuition behind the \de�nite" part
of an object model, i.e., the true and the false components. We view them as core
postulates that any reasonableobject model must obey. However, we still need to
assigna meaningto the unde�ned part of an object model. Since\unde�ned" means
either possibly true or possibly false,intuitiv ely we want the conclusionsdrawn from
unde�ned facts to remainunde�ned. In other words, the semantics shouldbe \closed"
with regard to unde�ned facts. As a consequence,although it might seemtempting
to \jump" to negative conclusionsfrom unde�ned facts in somecases(e.g., if there
are multiple weak inheritancecandidates),our semantics is biasedtowards unde�ned
conclusions,which is why we call it \optimistic".

De�nition 6.5.1 (Optimistic ISA Transitivit y) An interpretation I of an
F-logic program P satis�es the optimistic ISA transitivity constraint if the unde-
�ned part of the classhierarchy is transitiv ely closed,formally, if the following two
conditions hold:

(1) for all s, c: if there is x such that I (s:: x ^ x:: c) = u and I (s:: c) 6= t , then
I (s:: c) = u;

(2) for all o, c: if there is x such that I (o: x ^ x:: c) = u and I (o: c) 6= t , then
I (o: c) = u.

De�nition 6.5.2 (Optimistic Inheritance) An interpretation I of an F-logic
program P satis�es the optimistic inheritance constraint, if for all o, m, v, c:
I (o[m!! v] c

value) = u i�

(i) o[m] is not a strong local context; and

(ii) c[m] sv; I o or c[m] wv; I o; and

(iii) I (c[m!! v] c
local) � u; and

(iv) there is no x 6= c such that x[m] sv; I o or x[m] sc; I o; and

(v) I (o[m!! v] c
value) 6= t .
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The optimistic inheritance constraint captures the intuition behind multiple in-
heritancebasedon unde�ned knowledge.The �rst condition above stateswhen opti-
mistic value inheritancetakesplacewhile the secondcondition stateswhenoptimistic
code inheritance takesplace.

An object o optimistically inherits m!! v from a classc by valueinheritanceif and
only if: (i) there is no strongevidencethat the method m hasa locally de�ned valueat
o; (ii) c[m] is either a strong or a weakvalue inheritancecandidatefor o; (iii) m!! v
is locally de�ned at c; (iv) there are no other strong inheritance candidatesthat
can invalidate value inheritance from c (by the unique sourceinheritanceconstraint);
and (v) o cannot positively inherit m!! v from c by value inheritance.
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Computation

In this chapter we will de�ne a seriesof operators. Theseoperators form the basis
of a bottom-up computation procedurewhich will be usedto computeobject models
for F-logic programs.

7.1 Extended A tom Sets

First we needto extend the de�nition of an interpretation in Section5.2 to include
book-keepinginformation usedby the computation. The book-keepinginformation
will be projected out when the �nal object model is produced.

The extended Herbrand base of an F-logic program P, denoted dHBP, consistsof
atoms from HBP and auxiliary atoms of the forms c[m] v; o and c[m] c; o, where
c, m, and o are terms from HUP. During the computation, we will use auxiliary
atomsof the forms c[m] v; o and c[m] c; o to approximate value and code inheritance
candidates,respectively.

An extended atom set is a subsetof dHBP. In the sequel,we will usesymbols with
a hat (e.g., bI ) to denoteextendedatom sets. The projection of an extendedatom set
bI , denoted� (bI ), is bI with the auxiliary atoms removed.

Lemma 7.1.1 Let bI and bJ be extendedatom sets:

(1) If bI � bJ , then � (bI ) � � ( bJ ).

(2) � (bI [ bJ ) = � (bI ) [ � ( bJ )

(3) � (bI � bJ ) = � (bI ) � � ( bJ )

Frequently we will needto comparea normal atom set with the projection of an
extendedatom set to test for set inclusion. Without complicating the presentation

45
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we will usually omit the project function and just write the extendedatom set, when
its intended usageis clear from the context.

It is straightforward to extend the de�nitions of the truth valuation functions in
Section5.3 to extendedatom sets,sincethe auxiliary atoms do not occur in F-logic
programs. Formally, given an extendedatom set bI , let I = h� (bI ); ; i . We de�ne:

valhbI (H) def= Vh
I (H); for a ground rule head

valbbI (B) def= Vb
I (B); for a ground rule body

valbI (R) def= I (R); for a ground V-rule

valbI (Rjjo) def= I (Rjjo); for a binding of a ground C-rule

7.2 Op erators

The computation to be de�ned in this sectionextendsthe alternating �xp oint com-
putation in [17]. The new element here is the book-keepingmechanism for recording
inheritance information.

De�nition 7.2.1 Given a ground literal L of an F-logic program P and an atom
A 2 HBP, we say that L matchesA, if oneof the following conditions is true:

(1) L = o: c and A = o: c

(2) L = s:: c and A = s:: c

(3) L = s[m!! v] and A = s[m!! v] s
local

De�nition 7.2.2 (V-Rule Consequence Op erator V CP;bI ) The V-rule conse-
quence operator, V CP;bI , is de�ned for an F-logic program P and an extendedatom

set bI . It takesasinput an extendedatom set, bJ , and generatesa newextendedatom
set as follows:

V CP;bI ( bJ ) =

8
>>>><

>>>>:

A

�
�
�
�
�
�
�
�
�
�

There is a V-rule, H  L1; : : : ; Ln, in ground(P), such that
H matchesA and for every literal Li (1 � i � n):

(i) if Li is positive, then valbbJ (Li) = t ; and

(ii) if Li is negative, then valbbI (Li) = t .

9
>>>>=

>>>>;

The V-rule consequenceoperator is adopted from the usual alternating �xp oint
computation. It derives new facts, including classmemberships, subclassrelation-
ships, and local method de�nitions for classesand objects, from the V-rules in an
F-logic program.
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De�nition 7.2.3 (Inheritance Blo cking Op erator IB P) The inheritance block-
ing operator, IB P, is de�ned for an F-logic program P. It takesas input an extended
atom set, bI , and generatesthe following set of atoms:

IB P(bI ) =
n

lc(o; m) j 9 v; such that o[m!! v] o
local 2 bI

o
[

n
mc(c; m; o)

�
�
� 9 x 6= c such that x[m] v; o 2 bI or x[m] c; o 2 bI

o
[

8
>><

>>:
ov(c; m; o)

�
�
�
�
�
�
�
�

9 x such that: (i) x 6= c, x 6= o, x :: c 2 bI , o: x 2 bI ;
and (ii) 9 v such that x[m!! v] x

local 2 bI or there is
a C-rule in ground(P) which speci�es the instance
method m for the classx.

9
>>=

>>;

The inheritance blocking operator is an auxiliary operator used in de�ning the
C-rule consequenceoperator and the inheritance consequenceoperator below. It
returns the book-keepinginformation that is neededin decidingwhat canbe inherited
and which onesare the inheritance candidates.

Intuitiv ely, lc(o; m) meansthat the method m is locally de�ned at o; mc(c; m; o)
meansthat inheritance of the method m from c to o is not possibledue to a multiple
inheritance con
ict (as manifestedby the existenceof either a value or a code inher-
itance candidate that is di�eren t from c); ov(c; m; o) meansthat inheritance of the
method m from c to o would be overridden by another classthat stands betweeno
and c in the classhierarchy. From the de�nition we can seethat a classmust have a
locally de�ned value for a method or have an instancemethod de�nition to be able
to override inheritance from its superclasses.

Lemma 7.2.1 Givenan interpretation I = hT; U i of an F-logic programP:

(1) for all c; m; o: there is x such that x strongly overrides c[m] for o i�
ov(c; m; o) 2 IB P(T).

(2) for all c; m; o: there is x such that x strongly or weakly overrides c[m] for o
i� ov(c; m; o) 2 IB P(T [ U).

Pro of.

By De�nition 6.1.4and De�nition 7.2.3.
2

Lemma 7.2.2 Givenan interpretation I = hT; U i of an F-logic programP:

(1) for all c; m; o: c[m] sv; I o i� (i) c 6= o, o: c 2 T; (ii) c[m!! v] c
local 2 T for

somevalue v; and (iii) ov(c; m; o) =2 IB P(T [ U).

(2) for all c; m; o: c[m] sc; I o i� (i) c 6= o, o: c 2 T; (ii) there is a
C-rule in ground(P) which speci�es the instance method m for the classc;
and (iii) ov(c; m; o) =2 IB P(T [ U).
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(3) for all c; m; o: c[m] sv; I o or c[m] wv; I o i� (i) c 6= o, o: c 2 T [ U;
(ii) c[m!! v] c

local 2 T [ U for somevalue v; and (iii) ov(c; m; o) =2 IB P(T).

(4) for all c; m; o: c[m] sc; I o or c[m] wc; I o i� (i) c 6= o, o: c 2 T [ U; (ii) there
is a C-rule in ground(P) which speci�es the instancemethod m for the class
c; and (iii) ov(c; m; o) =2 IB P(T).

(5) for all c; m; o: c[m]; I o i� (i) c 6= o, o: c 2 T [ U; (ii) c[m!! v] c
local 2 T [ U

for somevaluev or there is a C-rule in ground(P) which speci�es the instance
method m for the classc; and (iii) ov(c; m; o) =2 IB P(T).

Pro of.

By De�nitions 6.1.5and 6.1.6and Lemma 7.2.1.
2

De�nition 7.2.4 (C-Rule Consequence Op erator CC P;bI ) The C-rule conse-
quence operator, CC P;bI , is de�ned for an F-logic program P and an extendedatom

set bI . It takesasinput an extendedatom set, bJ , and generatesa newextendedatom
set as follows:

CC P;bI ( bJ ) =

8
>>>>>>>>>>>>>><

>>>>>>>>>>>>>>:

o[m!! v] c
code

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

c[m] c; o 2 bJ , lc(o; m) =2 IB P(bI ),
mc(c; m; o) =2 IB P(bI ), and there is a
C-rule, code H  B, in ground(P)
such that H � c[m!! v] and for every
literal L 2 B cno:

(i) if L is positive, then
valbbJ (L) = t ; and

(ii) if L is negative, then
valbbI (L) = t .

9
>>>>>>>>>>>>>>=

>>>>>>>>>>>>>>;

The C-rule consequenceoperator is usedto derive new facts as a result of code
inheritance. It is similar to the V-rule consequenceoperator except that the V-rule
consequenceoperator is applied to all V-rules whereasthe C-rule consequenceopera-
tor is applied to only thoseselectedC-rules that could be inherited accordingto our
inheritance semantics.

Givenan object o and a C-rule, code c[m!! v]  B, which speci�es the instance
method m for the classc, in ground(P), we �rst needto decidewhether o can inherit
this instancemethod de�nition from c. If so, then we will bind this instancemethod
de�nition with respect to o and evaluate it (note that L cno is obtained from L by
substituting o for every occurrenceof c in L). If the rule body is satis�ed in the context
of o, we will derive o[m!! v] c

code to represent the fact that m!! v is establishedfor
o by inheritance of an instancemethod de�nition from c.
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We candecidewhethero can inherit code from c by looking up the two sets bJ and
IB P(bI ). The object o can inherit the instancemethod de�nition of m from the class
c only if the following conditionsare true: (i) c[m] is a code inheritancecandidatefor
o (c[m] c; o 2 bJ ); (ii) the method m is not locally de�ned at o (lc(o; m) =2 IB P(bI ));
and (iii) there is no multiple inheritance con
ict (mc(c; m; o) =2 IB P(bI )).

De�nition 7.2.5 (Inheritance Consequence Op erator IC P;bI ) The inheritance

consequence operator, IC P;bI , where P is an F-logic program and bI is an extended

atom set, takes as input an extended atom set, bJ , and generatesa new extended
atom set as follows:

IC P;bI ( bJ ) def= IC t ( bJ ) [ IC c
P;bI

( bJ ) [ IC i
P;bI

( bJ )

IC t ( bJ ) =
n

o: c
�
�
� 9 x; such that o: x 2 bJ ; x :: c 2 bJ

o
[

n
s:: c

�
�
� 9 x; such that s:: x 2 bJ ; x :: c 2 bJ

o

IC c
P;bI

( bJ ) =
�

c[m] v; o

�
�
�
�
o: c 2 bJ , c 6= o, c[m!! v] c

local 2 bJ ,
and ov(c; m; o) =2 IB P(bI )

�
[

8
<

:
c[m] c; o

�
�
�
�
�
�

o: c 2 bJ , c 6= o, there is a C-rule in ground(P)
which speci�es the instance method m for the
classc, and ov(c; m; o) =2 IB P(bI )

9
=

;

IC i
P;bI

( bJ ) =
�

o[m!! v] c
value

�
�
�
�
c[m] v; o 2 bJ , c[m!! v] c

local 2 bJ ,
lc(o; m) =2 IB P(bI ), andmc(c; m; o) =2 IB P(bI )

�

The inheritance consequenceoperator, IC P;bI , is the union of three operators:
IC t , IC c

P;bI
, and IC i

P;bI
. The operator IC t is used to perform transitiv e closureof

the classhierarchy, including classmemberships and subclassrelationships. Value
and code inheritancecandidatesare computedby the operator IC c

P;bI
, which relieson

the overriding information provided by IB P(bI ). Finally, the operator IC i
P;bI

derives
new facts by value inheritance. This operator also relieson information provided by
IB P(bI ) to make inheritance decisions.

De�nition 7.2.6 (Program Completion Op erator T P;bI ) The program comple-

tion operator, T P;bI , where P is an F-logic program and bI an extended atom set,

takesas input an extendedatom set, bJ , and generatesa new extendedatom set as
follows:

T P;bI ( bJ ) def= V CP;bI ( bJ ) [ CC P;bI ( bJ ) [ IC P;bI ( bJ )

The program completion operator is simply the union of the V-rule consequence
operator, the C-rule consequenceoperator, and the inheritanceconsequenceoperator.
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It derivesnew \lo cal" method de�nitions (via V-rules in the program), new \contex-
tual" method de�nitions as a result of binding instance method speci�cations with
classmembers (via C-rules in the program), new inherited facts (by value and code
inheritance),plus inheritancecandidacyinformation that is usedto decidewhich facts
to inherit in the future.

Wehavethe following lemmaregardingthe monotonicity property of the operators
that we have de�ned so far.

Lemma 7.2.3

(1) V CP;bI is monotonic when P and bI are �xed.

(2) IB P is monotonic when P is �xed.

(3) CC P;bI is monotonic when P and bI are �xed.

(4) IC t is monotonic. IC c
P;bI

and IC i
P;bI

are monotonic when P and bI are �xed.

(5) IC P;bI is monotonic when P and bI are �xed.

(6) T P;bI is monotonic when P and bI are �xed.

Given an F-logic program P, the set of all subsetsof the extended Herbrand
basedHBP constitutes a completelattice where the partial ordering is de�ned by set
inclusion. Therefore,any monotonic operator, �, de�ned on this lattice hasa unique
least �xp oint lfp(�) [37].

De�nition 7.2.7 (Alternating Fixp oin t Op erator 	 P) The alternating �xp oint
operator, 	 P, for an F-logic program P takesas input an extendedatom set, bI , and
generatesa new extendedatom set as follows:

	 P(bI ) def= lfp(T P;bI )

De�nition 7.2.8 (F-logic Fixp oin t Op erator F P) The F-logic �xp oint operator,
FP, where P is an F-logic program, takes as input an extended atom set, bI , and
generatesa new extendedatom set as follows:

FP(bI ) def= 	 P(	 P(bI ))

Lemma 7.2.4 Let bI be an extendedatom set of an F-logic program P, bJ = 	 P(bI ).
Then:

(1) for all c; m; o: if c[m] v; o 2 bJ then c 6= o.

(2) for all c; m; o: if c[m] c; o 2 bJ then c 6= o.

(3) for all o; m; v; c: o[m!! v] c
value 2 bJ i� o[m!! v] c

value 2 IC i
P;bI

( bJ ).
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(4) for all o; m; v; c: o[m!! v] c
code 2 bJ i� o[m!! v] c

code 2 CC P;bI ( bJ ).

(5) for all o; m; v; c: if o[m!! v] c
value 2 bJ then c 6= o.

(6) for all o; m; v; c: if o[m!! v] c
code 2 bJ then c 6= o.

Pro of.

By De�nitions 7.2.7,7.2.6,7.2.5,and 7.2.4.
2

Lemma 7.2.5 	 P is antimonotonic when P is �xed.

Pro of.

We want to show that for any extended atom sets bI and bJ : if bI � bJ , then
	 P(bI ) � 	 P( bJ ). Let � rangeover all countable ordinals, de�ne:

bX 0 = ; bY 0 = ; for limit ordinal 0
bX � = T P;bI ( bX � � 1) bY � = T P; bJ ( bY � � 1) for successorordinal �

bX � =
[

� <�

bX �
bY � =

[

� <�

bY � for limit ordinal � 6= 0

By De�nition 7.2.7 	 P(bI ) = lfp(T P;bI ) and 	 P( bJ ) = lfp(T P; bJ ). So, by Proposi-

tion 4.1.2, to show that 	 P(bI ) � 	 P( bJ ) it su�ces to show that bX � � bY � for any
ordinal � .

The caseis trivial for a limit ordinal � . Now suppose� is a successorordinal.
Then bX � = T P;bI ( bX � � 1) = V CP;bI ( bX � � 1) [ CC P;bI ( bX � � 1) [ IC P;bI ( bX � � 1) and bY � =

T P; bJ ( bY � � 1) = V CP; bJ ( bY � � 1) [ CC P; bJ ( bY � � 1) [ IC P; bJ ( bY � � 1), by De�nition 7.2.6.

Therefore, to show that bX � � bY � , it su�ces to show that V CP;bI ( bX � � 1) �

V CP; bJ ( bY � � 1), CC P;bI ( bX � � 1) � CC P; bJ ( bY � � 1), and IC P;bI ( bX � � 1) � IC P; bJ ( bY � � 1).

Let bI = hbI ; ; i , bX � � 1 = h bX � � 1; ; i , bJ = h bJ ; ; i , bY � � 1 = h bY � � 1; ; i .

First we will show that V CP;bI ( bX � � 1) � V CP; bJ ( bY � � 1). Let A be any atom

such that A 2 V CP;bI ( bX � � 1). Then by De�nition 7.2.2, there must exit a V-rule,
H  L1; : : : ; Ln, in ground(P), such that H matchesA and for all Li; 1 � i � n: (i) if
Li is a positive literal then Vb

bX � � 1
(Li) = t ; and (ii) if Li is a negative literal then

Vb
bI
(Li) = t . Note that bX � � 1 � bY � � 1 by the induction hypothesisand bI � bJ . So,

by Lemma 5.3.2, for all Li; 1 � i � n: (i) if Li is a positive literal then Vb
bY � � 1

(Li) = t ;

and (ii) if Li is a negative literal then Vb
bJ
(Li) = t . It follows that A 2 V CP; bJ ( bY � � 1).

Next we will show that CC P;bI ( bX � � 1) � CC P; bJ ( bY � � 1). Let o[m!! v] c
code be

any atom in CC P;bI ( bX � � 1). Then by De�nition 7.2.4, c[m] c; o 2 bX � � 1, lc(o; m) =2
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IB P(bI ), mc(c; m; o) =2 IB P(bI ), and there must exit a C-rule, code c[m!! v]  B,
in ground(P), such that for all literal L 2 B: (i) if L is positive then Vb

bX � � 1
(Lcno) = t ;

and (ii) if L is negative then Vb
bI
(Lcno) = t . Note that bX � � 1 � bY � � 1 by the induction

hypothesisand IB P(bI ) � IB P( bJ ) by the monotonicity of IB P. Soc[m] c; o 2 bY � � 1,
lc(o; m) =2 IB P( bJ ), mc(c; m; o) =2 IB P( bJ ), and by Lemma 5.3.2, for all literal L 2 B:
(i) if L is positive then Vb

bY � � 1
(L) = t ; and (ii) if L is negative then Vb

bJ
(Li) = t . It

follows that o[m!! v] c
code 2 CC P; bJ ( bY � � 1).

Finally we will show that IC P;bI ( bX � � 1) � IC P; bJ ( bY � � 1). Note that bX � � 1 �
bY � � 1 by the induction hypothesis and IB P(bI ) � IB P( bJ ) by the monotonicity of
IB P. Clearly, for any atom A, if A 2 IC P;bI ( bX � � 1) then A 2 IC P;bI ( bY � � 1), by
De�nition 7.2.5.
2

Lemma 7.2.6 FP is monotonic when P is �xed.

Pro of.

By De�nition 7.2.8and Lemma 7.2.5.
2



Chapter 8

Stable Ob ject Mo dels

In this chapter we will introduce a special type of object model, called stableobject
model, which doesnot exhibit someof the anomaliesin inference. We will formally
prove that a stable object model indeed satis�es all the requirements of an object
model. At the end of this chapter, we will illustrate the relationship betweenstable
object modelsand fxipoints through someinteresting examples.

8.1 Stable In terpretations

Although V-rule satisfaction, the inheritancepostulates,and C-rule satisfactionhave
ruled out a large number of unintended interpretations of an F-logic program which
do not satisfy the necessaryrequirements of an object model, they still do not re-
strict object models tightly enough. In fact, for an F-logic program there may exist
unfounded object models that do not match the commonintuition behind inference.
This problem is illustrated by the following example.

c3[m->>b]

c1

c2[m->>a]
c1 : c2.
c3 :: c2.
c2[m!! a].
c3[m!! b].
c1 : c3  c1[m!! b].

Figure 7: UnfoundedInference

Example 8.1.1 Considerthe program in Figure 7 and the two-valued object model
I = hP; Q i , where

P = f c1 : c2; c3 :: c2; c1 : c3; c2[m!! a]c2
local; c3[m!! b] c3

local; c1[m!! b] c3
valueg;

53
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Q = ; :

Clearly, I satis�es the V-rules of the program in Figure 7 and all the inheritancepos-
tulates introduced in Chapter 6, including the optimistic ISA transitivit y constraint
and the optimistic inheritance constraint. However, we should note that in I the
truths of c1 : c3 and c1[m!! b] c3

value are not well-founded in that they mutually rely on
the truth of each other asthe necessaryinferencepremise. Indeed,the truth of c1 : c3

dependson the literal c1[m!! b] being satis�ed in the body of the last rule. Since
c1[m!! b] doesnot appear in the headof any rule, there is no way for m!! b to be
locally de�ned for c1. Sothe satisfactionof the body literal c1[m!! b] dependson c1

inheriting m!! b from c3, the only classthat has locally de�ned m!! b. However,
c1 can inherit m!! b from c3 only if the truth of c1 : c3 can be established. We can
seethat the inferenceof c1 : c3 and the inferenceof c1[m!! b] c3

value are at a deadlock.
Therefore,we should not automatically concludethat both c1 : c3 and c1[m!! b] c3

value
are true as implied by the program and our semantics for inheritance. 2

Now we will introducea special classof object models, namely the stable object
models,which do not exhibit the aforementioned anomaly.

De�nition 8.1.1 Given an interpretation I = hT; U i of an F-logic program P, let
bT I be the extendedatom set constructedby the union of T and the set of auxiliary
atoms corresponding to the strong inheritance candidatesin I , and bUI be the ex-
tended atom set constructed by the union of T, U, and the set of auxiliary atoms
corresponding to the strong and weak inheritance candidatesin I , i.e.,

bT I
def= T [

f c[m] v; o j c[m] sv; I og [

f c[m] c; o j c[m] sc; I og

bUI
def= T [ U [

f c[m] v; o j c[m] sv; I o or c[m] wv; I og [

f c[m] c; o j c[m] sc; I o or c[m] wc; I og

De�nition 8.1.2 (Stable In terpretation) Let I = hT; U i be an interpretation of
an F-logic program P. I is called a stableinterpretation of P, if bT I = 	 P( bUI ) and
bUI = 	 P(bT I ).

Our de�nition of stable interpretation is closely related to that of stable model
introducedin [19, 45]. The ideais that givenan interpretation I of an F-logic program
P, we �rst resolve all the negative premisesboth in P and in our semantics for
inheritance using the information in I . The result is a residual positive program
without negation. Then I is called stable if and only if I can reproduce itself by
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resolving the positive premisesboth in the residual program and in our inheritance
semantics via least �xp oint computation. This is how stable interpretations can
prevent the kind of unfoundedinferenceillustrated in Example 8.1.1.

We should note that in De�nition 8.1.2 it is only required that a stable interpre-
tation I = hT; U i satisfy a certain computational property with respect to 	 P, i.e.,
bT I = 	 P( bUI ) and bUI = 	 P(bT I ). In fact, it turns out that a stable interpretation of
an F-logic program P satis�es all the V-rules and C-rules in P as well as all the core
and optimistic inheritance postulates. We will present the formal proofs in the next
section.

8.2 Prop erties

Lemma 8.2.1 Let P be an F-logic program and I = hT; U i be a stable interpreta-
tion of P:

bT I = V CP;bU I
(bT I ) [ V CP;bU I

(bT I ) [ IC t (bT I ) [ IC c
P;bU I

(bT I ) [ IC i
P;bU I

(bT I )

bUI = V CP;bT I
( bUI ) [ CC P;bT I

( bUI ) [ IC t ( bUI ) [ IC c
P;bT I

( bUI ) [ IC i
P;bT I

( bUI )

Pro of.

By De�nitions 8.1.2,7.2.7,7.2.6,and 7.2.5.
2

Prop osition 8.2.2 Let I = hT; U i be a stable interpretation of an F-logic program
P. Then I satis�es the V-rules of P.

Pro of. By contradiction.

Suppose on the contrary I does not satisfy the V-rules of P. Then by De�-
nitions 5.4.2 and 5.4.1, there is a ground V-rule, H  L1; : : : ; Ln, in ground(P),
such that Vh

I (H) < Vb
I (L1 ^ : : : ^ Ln). It follows that Vb

I (L1 ^ : : : ^ Ln) = t and
Vh

I (H) 6= t , or Vb
I (L1 ^ : : : ^ Ln) = u and Vh

I (H) = f .

(1) Vb
I (L1 ^ : : : ^ Ln) = t and Vh

I (H) 6= t

It follows that Vb
I (Li) = t for all Li; 1 � i � n, by De�nition 5.3.1. So by

Lemma 5.3.1: (i) if Li is a positive literal then valbbT I
(Li) = t ; and (ii) if

Li is a negative literal then valbbU I
(Li) = t . Therefore, for the atom A 2

HBP such that H matches A, it follows that A 2 V CP;bU I
(bT I ) � bT I , by

De�nition 7.2.2and Lemma 8.2.1. Thus I (A) = t , and soVh
I (H) = I (A) = t

by De�nitions 7.2.1and 5.3.1,a contradiction.
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(2) Vb
I (L1 ^ : : : ^ Ln) = u and Vh

I (H) = f

It follows that Vb
I (Li) � u for all Li; 1 � i � n, by De�nition 5.3.1. So by

Lemma 5.3.1: (i) if Li is a positive literal then valbbU I
(Li) = t ; and (2) if

Li is a negative literal then valbbT I
(Li) = t . Therefore, for the atom A 2

HBP such that H matches A, it follows that A 2 V CP;bT I
( bUI ) � bUI , by

De�nition 7.2.2and Lemma8.2.1. Thus I (A) � u, and soVh
I (H) = I (A) � u

by De�nitions 7.2.1and 5.3.1,a contradiction.

2

Prop osition 8.2.3 Let I = hT; U i be a stable interpretation of an F-logic program
P. Then I satis�es the positive ISA transitivit y constraint.

Pro of.

By De�nition 6.2.1,we needto show that the following conditions hold:

(1) for all s, c: if there is x such that I (s:: x) = t and I (x :: c) = t , then
I (s:: c) = t ;

(2) for all o, c: if there is x such that I (o: x) = t and I (x :: c) = t , then
I (o: c) = t .

Note that for all s; c: I (s:: c) = t i� s:: c 2 T � bT I and for all o; c: I (o: c) = t
i� o: c 2 T � bT I . Supposes:: x 2 T � bT I and x:: c 2 T � bT I . Then s:: c 2 IC t (bT I )
by De�nition 7.2.5. It follows that s:: c 2 IC t (bT I ) � bT I , by Lemma 8.2.1. Similarly,
if o: x 2 bT I and x:: c 2 bT I , then o: c 2 IC t (bT I ) � bT I .
2

Prop osition 8.2.4 Let I = hT; U i be a stable interpretation of an F-logic program
P. Then I satis�es the context consistencyconstraint.

Pro of.

By De�nition 6.2.2,we needto show that the following conditions hold:

(1) for all o, m, v: I (o[m!! v] o
value) = f and I (o[m!! v] o

code) = f .

Note that I (o[m!! v] o
value) = f i� o[m!! v] o

value =2 T [ U i� o[m!! v] o
value =2

bUI by De�nition 8.1.1. Similarly, I (o[m!! v] o
code) = f i� o[m!! v] o

code =2 bUI .
SinceI is a stableinterpretation of P andso bUI = 	 P(bT I ) by De�nition 8.1.2,
it follows that o[m!! v] o

value =2 bUI and o[m!! v] o
code =2 bUI for all o; m; v, by

Lemma 7.2.4.

(2) for all c, m, v: if I (c[m!! v] c
local) = f , then I (o[m!! v] c

value) = f for all o.
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Let I (c[m!! v] c
local) = f . Then c[m!! v] c

local =2 bUI . We needto show that
o[m!! v] c

value =2 bUI for all o. Supposeon the contrary there existso such that
o[m!! v] c

value 2 bUI . BecauseI is a stable interpretation of P, bUI = 	 P(bT I ).
It followsthat o[m!! v] c

value 2 IC i
P;bT I

( bUI ) by Lemma7.2.4. Thusc[m] v; o 2
bUI by De�nition 7.2.5. Soc[m] v; o 2 IC c

P;bT I
( bUI ) by Lemma8.2.1. It follows

that c[m!! v] c
local 2 bUI by De�nition 7.2.5,which contradicts the premise.

(3) for all c; m: if there is no C-rule in ground(P) which speci�es the instance
method m for the classc, then I (o[m!! v] c

code) = f for all o; v.

Supposeon the contrary there exist o; v such that I (o[m!! v] c
code) 6= f . Then

o[m!! v] c
code 2 T [ U � bUI . It follows that o[m!! v] c

code 2 IC i
P;bT I

( bUI ) by

Lemma 7.2.4. Thus c[m] c; o 2 bUI by De�nition 7.2.5 and so c[m] c; o 2
IC c

P;bT I
( bUI ) by Lemma8.2.1. Soby De�nition 7.2.5there must exist a C-rule

in ground(P) which speci�es the instancemethod m for the classc, a contra-
diction.

(4) for all o, m: if o[m] is a strong local context, then I (o[m!! v] c
value) = f and

I (o[m!! v] c
code) = f for all v, c.

Let o[m] be a strong local context. Then there must exist v such that
o[m!! v] o

local 2 T � bT I by De�nition 6.1.1, and so lc(o; m) 2 IB P(bT I )
by De�nition 7.2.3. Suppose on the contrary there exist v; c such that
I (o[m!! v] c

value) 6= f . Then o[m!! v] c
value 2 T [ U � bUI . It fol-

lows that o[m!! v] c
value 2 IC i

P;bT I
( bUI ) by Lemma 7.2.4. Thus lc(o; m) =2

IB P(bT I ) by De�nition 7.2.5, a contradiction. Similarly, we can show that
I (o[m!! v] c

code) = f for all v; c.

2

Prop osition 8.2.5 Let I = hT; U i be a stable interpretation of an F-logic program
P. Then I satis�es the unique sourceinheritance constraint.

Pro of.

By De�nition 6.2.3,we needto show that the following conditions hold:

(1) for all o; m; v; c: if I (o[m!! v] c
value) = t or I (o[m!! v] c

code) = t , then
I (o[m!! z]x

value) = f and I (o[m!! z]x
code) = f for all z; x such that x 6= c.

BecauseI is a stable interpretation of P, bT I = 	 P( bUI ) and bUI = 	 P(bT I )
by De�nition 8.1.2. If I (o[m!! v] c

value) = t , then o[m!! v] c
value 2 T �

bT I by De�nition 8.1.1. So o[m!! v] c
value 2 IC i

P;bU I
(bT I ) by Lemma 7.2.4.

It follows that c[m] v; o 2 bT I by De�nition 7.2.5. On the other hand, if
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I (o[m!! v] c
code) = t , then o[m!! v] c

code 2 T � bT I by De�nition 8.1.1. So
o[m!! v] c

code 2 CC P;bU I
(bT I ) by Lemma 7.2.4. It follows that c[m] c; o 2 bT I

by De�nition 7.2.5. Therefore, I (o[m!! v] c
value) = t or I (o[m!! v] c

code) = t
implies c[m] v; o 2 bT I or c[m] c; o 2 bT I .

Supposeon the contrary therearez; x such that x 6= c and I (o[m!! z] x
value) �

u. Then o[m!! z]x
value 2 T [ U � bUI by De�nition 8.1.1. Soo[m!! v] x

value 2
IC i

P;bT I
( bUI ) by Lemma 7.2.4. Therefore, mc(x; m; o) =2 IB P(bT I ) by De�ni-

tion 7.2.5. Since x 6= c, it follows that c[m] v; o =2 bT I by De�nition 7.2.3,
which is a contradiction. Therefore, I (o[m!! z] x

value) = f for all z; x such
that x 6= c. Similarly, we can also show that I (o[m!! z] x

code) = f for all z; x
such that x 6= c.

(2) for all c, m, o: if c[m] sv; I o or c[m] sc; I o, then I (o[m!! v] x
value) = f and

I (o[m!! v] x
code) = f for all v, x such that x 6= c.

Let c[m] sv; I o or c[m] sc; I o. Supposeon the contrary there exist v; x such
that x 6= c and o[m!! v] x

value 6= f . Then o[m!! v] x
value 2 T [ U � bUI by

De�nition 8.1.1. BecauseI is a stable interpretation of P, bUI = 	 P(bT I )
by De�nition 8.1.2. So o[m!! v] x

value 2 IC i
P;bT I

( bUI ) by Lemma 7.2.4. It fol-

lows that mc(x; m; o) =2 IB P(bT I ) by De�nition 7.2.5. However, c[m] v; o 2
bT I or c[m] c; o 2 bT I by De�nition 8.1.1. Since x 6= c, it follows that
mc(x; m; o) 2 IB P(bT I ) by De�nition 7.2.3, which is a contradiction. There-
fore, I (o[m!! v] x

value) = f for all v; x such that x 6= c. Similarly, we can also
show that I (o[m!! v] x

code) = f for all v; x such that x 6= c.

(3) for all o, m, v, c: I (o[m!! v] c
value) = t i�

(i) o[m] is neither a strong nor a weak local context; and
(ii) c[m] sv; I o; and
(iii) I (c[m!! v] c

local) = t ; and
(iv) there is no x such that x 6= c and x[m]; I o.

\ ) ". BecauseI is a stable interpretation of P, bT I = 	 P( bUI ) by Def-
inition 8.1.2. BecauseI (o[m!! v] c

value) = t , o[m!! v] c
value 2 T � bT I

by De�nition 8.1.1. Thus o[m!! v] c
value 2 IC i

P;bU I
(bT I ) by Lemma 7.2.4,

and so c[m] v; o 2 bT I , c[m!! v] c
local 2 bT I , lc(o; m) =2 IB P( bUI ), and

mc(c; m; o) =2 IB P( bUI ), by De�nition 7.2.5. Becauselc(o; m) =2 IB P( bUI ),
it follows that o[m!! x] o

local =2 bUI for all x, by De�nition 7.2.3. Thus
I (o[m!! x] o

local) = f for all x and soo[m] is neither a strong nor a weak local
context, by De�nition 6.1.1. Becausec[m] v; o 2 bT I , it follows that c[m] sv; I o
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by De�nition 8.1.1. c[m!! v] c
local 2 bT I implies I (c[m!! v] c

local) = t . Be-
causemc(c; m; o) =2 IB P( bUI ), it follows that there is no x 6= c such that
x[m] v; o 2 bUI or x[m] c; o 2 bUI , by De�nition 7.2.3. So there is no x such
that x 6= c and x[m]; I o, by De�nition 8.1.1.

\ ( ". Because o[m] is neither a strong nor a weak local context,
I (o[m!! x] o

local) = f for all x, by De�nition 6.1.1. It follows that
o[m!! x] o

local =2 T [ U for all x, and solc(o; m) =2 IB P( bUI ), by De�nitions 8.1.1
and 7.2.3. Becausec[m] sv; I o, therefore c[m] v; o 2 bT I by De�nition 8.1.1.
Since I (c[m!! v] c

local) = t , it follows that c[m!! v] c
local 2 T � bT I . Be-

causeI is a stable interpretation of P, therefore bT I = 	 P( bUI ), by De�-
nition 8.1.2. So if we can show that mc(c; m; o) =2 IB P( bUI ), then it follows
that o[m!! v] c

value 2 IC i
P;bU I

(bT I ) � bT I , by De�nition 7.2.5and Lemma8.2.1.

Supposeon the contrary mc(c; m; o) 2 IB P( bUI ). Then by De�nition 7.2.3,
there is x 6= c such that x[m] v; o 2 bUI or x[m] c; o 2 bUI . It follows that
x[m]; I o by De�nition 8.1.1, which contradicts the premise. Therefore,
mc(c; m; o) =2 IB P( bUI ), and so o[m!! v] c

value 2 bT I , I (o[m!! v] c
value) = t .

2

Prop osition 8.2.6 Let I = hT; U i be a stable interpretation of an F-logic program
P. Then I satis�es the C-rules of P.

Pro of. By contradiction.

BecauseI is a stable interpretation of P, bT I = 	 P( bUI ) and bUI = 	 P(bT I ) by Def-
inition 8.1.2. Supposeon the contrary I doesnot satisfy the C-rules of P. Then by
De�nition 6.3.5,therearean object o 2 HUP and a C-rule, R � code c[m!! v]  B
or R � code c[m!! v], in ground(P), such that I (Rjjo) = f . Let us assumethat
R � code c[m!! v]  B (the caseof R � code c[m!! v] is similar). By De�ni-
tion 6.3.4,we have the following casesto consider:

(1) imodeI (Rjjo) = t and I (o[m!! v] c
code) < Vb

I (B cno)

BecauseimodeI (Rjjo) = t , therefore by De�nition 6.3.2: (i) c[m] sc; I o and
so c[m] c; o 2 bT I by De�nition 8.1.1; (ii) lc(o; m) is neither a strong nor a
weak local context and so lc(o; m) =2 IB P( bUI ) by De�nitions 7.2.3and 6.1.1;
and (iii) there is no x 6= c such that x[m]; I o. It follows that there is no
x 6= c such that x[m] v; o =2 bUI or x[m] c; o =2 bUI by De�nition 8.1.1. Thus
mc(c; m; o) =2 IB P( bUI ). Since bT I � bUI , it also follows that c[m] c; o 2 bUI ,
lc(o; m) =2 IB P(bT I ), and mc(c; m; o) =2 IB P(bT I ), by the monotonicity of IB P.

First let us assume that Vb
I (B cno) = t . Then I (o[m!! v] c

code) 6= t .
Since Vb

I (B cno) = t , it follows that Vb
I (L) = t for all L 2 B cno, by Def-

inition 5.3.1. So by Lemma 5.3.1: (i) if L is a positive literal then
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valbbT I
(L) = t ; and (ii) if L is a negative literal then valbbU I

(L) = t . Therefore,

o[m!! v] c
code 2 CC P;bU I

(bT I ) � bT I , by De�nition 7.2.4 and Lemma 8.2.1.
Thus I (o[m!! v] c

code) = t , a contradiction.

On the other hand, if Vb
I (B cno) = u, then I (o[m!! v] c

code) = f . Since
Vb

I (B cno) = u, it follows that Vb
I (L) � u for all L 2 B cno, by De�-

nition 5.3.1. So by Lemma 5.3.1: (i) if L is a positive literal then
valbbU I

(L) = t ; and (2) if L is a negative literal then valbbT I
(L) = t . Therefore,

o[m!! v] c
code 2 CC P;bT I

( bUI ) � bUI , by De�nition 7.2.2 and Lemma 8.2.1.
Thus I (o[m!! v] c

code) � u, a contradiction.

(2) imodeI (Rjjo) = u, I (o[m!! v] c
code) = f , and Vb

I (B cno) � u

BecauseimodeI (Rjjo) = u, therefore by De�nition 6.3.3: (i) c[m] sc; I o or
c[m] wc; I o, and so c[m] c; o 2 bUI by De�nition 8.1.1; (ii) lc(o; m) is not a
strong local context and solc(o; m) =2 IB P(bT I ) by De�nitions 7.2.3and 6.1.1;
and (iii) there is no x 6= c such that x[m] sv; I o or x[m] sc; I o. It follows that
there is no x 6= c such that x[m] v; o =2 bT I or x[m] c; o =2 bT I by De�ni-
tion 8.1.1. Thus mc(c; m; o) =2 IB P(bT I ).

Since Vb
I (B cno) � u, it follows that Vb

I (L) � u for all L 2 B cno, by Def-
inition 5.3.1. So by Lemma 5.3.1: (i) if L is a positive literal then
valbbU I

(L) = t ; and (2) if L is a negative literal then valbbT I
(L) = t . Therefore,

o[m!! v] c
code 2 CC P;bT I

( bUI ) � bUI , by De�nition 7.2.2 and Lemma 8.2.1.
Thus I (o[m!! v] c

code) � u, a contradiction.

(3) imodeI (Rjjo) = f and I (o[m!! v] c
code) � u

BecauseI (o[m!! v] c
code) � u, therefore o[m!! v] c

code 2 U � bUI . Thus
o[m!! v] c

code 2 CC P;bT I
( bUI ) by Lemma 7.2.4. So by De�nition 7.2.4,

c[m] c; o 2 bUI , lc(o; m) =2 IB P(bT I ), and mc(c; m; o) =2 IB P(bT I ). Be-
causec[m] c; o 2 bUI , so c[m] sc; I o or c[m] wc; I o, by De�nition 8.1.1. Since
lc(o; m) =2 IB P(bT I ), therefore lc(o; m) is not a strong local context, by De�-
nitions 7.2.3and 6.1.1. Becausemc(c; m; o) =2 IB P(bT I ), so there is no x 6= c
such that x[m] v; o 2 bT I or x[m] v; o 2 bT I . It follows that there is no
x 6= c such that x[m] sv; I o or x[m] sc; I o, by De�nition 8.1.1. Thus o must
either weakly or strongly inherit R, by De�nitions 6.3.3and 6.3.2. Therefore,
imodeI (Rjjo) � u, a contradiction.

2

Prop osition 8.2.7 Let I = hT; U i be a stable interpretation of an F-logic program
P. Then I satis�es the optimistic ISA transitivit y constraint.

Pro of.
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By De�nition 6.5.1,we needto show that the following conditions hold:

(1) for all s, c: if there is x such that I (s:: x ^ x:: c) = u and I (s:: c) 6= t , then
I (s:: c) = u;

(2) for all o, c: if there is x such that I (o: x ^ x:: c) = u and I (o: c) 6= t , then
I (o: c) = u.

SupposeI (s:: x^ x:: c) = u. Then s:: x 2 T [ U and x:: c 2 T [ U. It follows that
s:: x 2 bUI and x:: c 2 bUI , by De�nition 8.1.1. Sos:: c 2 IC t ( bUI ) by De�nition 7.2.5.
Since bUI = 	 P(bT I ) by De�nition 8.1.2, it follows that s:: c 2 IC t ( bUI ) � bUI , by
Lemma 8.2.1. Thus I (s:: c) � u. But I (s:: c) 6= t . It follows that I (s:: c) = u.
Similarly, if I (o: x ^ x:: c) = u and I (o: c) 6= t , then I (o: c) = u.
2

Prop osition 8.2.8 Let I = hT; U i be a stable interpretation of an F-logic program
P. Then I satis�es the optimistic inheritance constraint.

Pro of.

By De�nition 6.5.2,we needto show that for all o, m, v, c: I (o[m!! v] c
value) = u

i� the following conditions hold:

(i) o[m] is not a strong local context;

(ii) c[m] sv; I o or c[m] wv; I o;

(iii) I (c[m!! v] c
local) � u;

(iv) there is no x 6= such that x[m] sv; I o or x[m] sc; I o;

(v) I (o[m!! v] c
value) 6= t .

\ ) ". BecauseI is a stable interpretation of P, bUI = 	 P(bT I ), by De�ni-
tion 8.1.2. Becauseo[m!! v] c

value = u, thereforeo[m!! v] c
value 2 T [ U � bUI , by Def-

inition 8.1.1. Thus o[m!! v] c
value 2 IC i

P;bT I
( bUI ), by Lemma 7.2.4. So c[m] v; o 2 bUI ,

c[m!! v] c
local 2 bUI , lc(o; m) =2 IB P(bT I ), and mc(c; m; o) =2 IB P(bT I ), by De�ni-

tion 7.2.5. Becauselc(o; m) =2 IB P(bT I ), it follows that o[m!! x] o
local =2 bT I for all

x, by De�nition 7.2.3. So I (o[m!! v] o
local) 6= t for all x. Thus o[m] is not a strong

local context by De�nition 6.1.1. Becausec[m] v; o 2 bUI , it follows that c[m] sv; I o or
c[m] wv; I o, by De�nition 8.1.1. c[m!! v] c

local 2 bUI implies I (c[m!! v] c
local) � u. Be-

causemc(c; m; o) =2 IB P(bT I ), it follows that there is no x 6= c such that c[m] v; o 2 bT I

or c[m] c; o 2 bT I . So there is no x 6= c such that c[m] sv; I o or c[m] sc; I o, by De�ni-
tion 8.1.1.

\ ( ". Becauseo[m] is not a strong local context, I (o[m!! x] o
local) 6= t for

all x, by De�nition 6.1.1. It follows that o[m!! x] o
local =2 T for all x, and so
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lc(o; m) =2 IB P(bT I ), by De�nitions 8.1.1 and 7.2.3. Becausec[m] sv; I o or c[m] wv; I o,
therefore c[m] v; o 2 bUI by De�nition 8.1.1. SinceI (c[m!! v] c

local) � u, it follows
that c[m!! v] c

local 2 T [ U � bUI . BecauseI is a stable interpretation of P, therefore
bUI = 	 P(bT I ), by De�nition 8.1.2. So if we can show that mc(c; m; o) =2 IB P(bT I ),
then it follows that o[m!! v] c

value 2 IC i
P;bT I

( bUI ) � bUI , by De�nition 7.2.5 and

Lemma 8.2.1. Suppose on the contrary mc(c; m; o) 2 IB P(bT I ). Then by De�ni-
tion 7.2.3, there is x 6= c such that x[m] v; o 2 bT I or x[m] c; o 2 bT I . It follows that
x[m] sv; I o or x[m] sc; I o, by De�nition 8.1.1, which contradicts the premise. There-
fore, mc(c; m; o) =2 IB P(bT I ), and so o[m!! v] c

value 2 bUI , I (o[m!! v] c
value) � u. But

I (o[m!! v] c
value) 6= t . So I (o[m!! v] c

value) = u.
2

Theorem 8.2.9 Let I = hT; U i be a stable interpretation of an F-logic program P.
Then I is an object model of P. Moreover, I satis�es the optimistic ISA transitivit y
constraint and the optimistic inheritance constraint.

Pro of.

By De�nition 6.4.1,Propositions8.2.2, 8.2.3, 8.2.4, 8.2.5, 8.2.6, 8.2.7,and 8.2.8.

2

Clearly, by Theorem8.2.9,a stable interpretation indeedsatis�es all the require-
ments of an object model. Therefore, from now on a stable interpretation is also
called a stableobject model.

8.3 Stable Ob ject Mo dels and Fixp oin ts

There is an interesting correspondencebetweenstable object modelsand �xp oints of
FP. On onehand, stableobject modelsareessentially �xp oints of F P. Let I = hT; U i
be a stable object model of an F-logic program P. Then bT I = 	 P( bUI ) and bUI =
	 P(bT I ), by De�nition 8.1.2. It follows that bT I = 	 P( bUI ) = 	 P(	 P(bT I )) = FP(bT I )
and so bT I is a �xp oint of FP. Similarly, bUI is also a �xp oint of FP. Moreover,
bT I � bUI by De�nition 8.1.1.

The following proposition shows that stable object models can be constructed
using certain �xp oints of FP.

Prop osition 8.3.1 Given an F-logic program P, let bJ be a �xp oint of FP, bK =
	 P( bJ ), and bJ � bK . Then I = h� ( bJ ); � ( bK ) � � ( bJ ) i , where � is the projection
function de�ned in Section7.1, is a stable object model of P.
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Pro of.

Let T = � ( bJ ) and U = � ( bK ) � � ( bJ ). Thus I = hT; U i . Since bJ � bK , it follows
that � ( bJ ) � � ( bK ) by Lemma 7.1.1. SoT [ U = � ( bK ).

To show that I is a stable object model of P, we needto show that bT I = 	 P( bUI )
and bUI = 	 P(bT I ). Since bJ is a �xp oint of FP and bK = 	 P( bJ ), it follows that
bJ =	 P( bK ), by De�nition 7.2.8. Therefore,if we canshow that bT I = bJ and bUI = bK ,
then it follows that I is a stable object model of P.

SincebJ = 	 P( bK ) = lfp(T P; bK ) and bK = 	 P( bJ ) = lfp(T P; bJ ), by De�nitions 7.2.6
and 7.2.5 it follows that

bJ = V CP; bK ( bJ ) [ CC P; bK ( bJ ) [ IC t ( bJ ) [ IC c
P; bK

( bJ ) [ IC i
P; bK

( bJ )

bK = V CP; bJ ( bK ) [ CC P; bJ ( bK ) [ IC t ( bK ) [ IC c
P; bJ

( bK ) [ IC i
P; bJ

( bK )

First we will show that for all c; m; o: c[m] v; o 2 bJ i� c[m] sv; I o. Indeed,
c[m] v; o 2 bJ , i� c[m] v; o 2 IC c

P; bK
( bJ ), i� c 6= o, o: c 2 bJ , c[m!! v] c

local 2 bJ

for somev, and ov(c; m; o) =2 IB P( bK ), by De�nition 7.2.5, i� c 6= o, o: c 2 � ( bJ ),
c[m!! v] c

local 2 � ( bJ ) for somev, and ov(c; m; o) =2 IB P(� ( bK )), i� c 6= o, o: c 2 T,
c[m!! v] c

local 2 T for some v, and ov(c; m; o) =2 IB P(T [ U), i� c[m] sv; I o, by
Lemma 7.2.2.

Similarly, we can also show that (i) for all c; m; o: c[m] c; o 2 bJ i� c[m] sc; I o;
and (ii) for all c; m; o: c[m] v; o 2 bK or c[m] c; o 2 bK i� c[m]; I o. Therefore, it
follows that bT I = bJ and bUI = bK by De�nition 8.1.1and so completesthe proof.
2

It is worth pointing out that the condition bJ � bK in the above Proposition 8.3.1
is not necessaryto construct a stableobject model out of the extendedsets bJ and bK .
In fact, asillustrated by the following example,wecanhavean F-logic programP such
that bJ is a �xp oint of FP, bK = 	 P( bJ ), and bJ * bK , but I = h� ( bJ ); � ( bK ) � � ( bJ ) i
is a stable object model of P.

c2[m->>a]

c1

c3[m->>b]
c1 : c2.
c2[m!! a].
c2 :: c3  c3[m!! b].
c3[m!! b]  : c2 :: c3.
c2 :: c3  c1[m!! a].
c3[m!! b]  c1[m!! a].

Figure 8: Constructive Fixpoints
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Example 8.3.1 Consider the F-logic program P in Figure 8 and the following two
extendedsets bJ and bK :

bJ = f c1 : c2; c2[m!! a]c2
local; c1[m!! a]c2

value; c2 :: c3; c3[m!! b] c3
localg [

f c2[m] v; c1; c3[m] v; c1g
bK = f c1 : c2; c2[m!! a]c2

localg [ f c2[m] v; c1g

Wecanverify that bJ = 	 P( bK ), bK = 	 P( bJ ), and so bJ is a �xp oint of 	 P. Moreover,

� ( bJ ) = f c1 : c2; c2[m!! a]c2
local; c1[m!! a]c2

value; c2 :: c3; c3[m!! b] c3
localg

� ( bK ) � � ( bJ ) = ;

Wecanalsoverify that the interpretation I = h� ( bJ ); � ( bK ) � � ( bJ ) i is a stableobject
model of P. But clearly bJ � bK 6= ; . Thus bJ * bK . 2

Another interesting question is whether we can always construct stable object
models of an F-logic program P out of �xp oints of 	 P. The answer turns out to be
no. As illustrated by the following example,we may not even be able to construct an
object model out of some�xp oints of 	 P.

c1 c3

c4c2

c1 : c2.
c3 : c4.
c2[m!! a]  : c1[m!! a].
c4[m!! b]  : c3[m!! b].
c4[m!! c]  c1[m!! a]; c3[m!! b].

Figure 9: Nonconstructive Fixpoints

Example 8.3.2 Consider the F-logic program P in Figure 9 and the following two
extendedsets bJ and bK :

bJ = f c1 : c2; c3 : c4; c2[m!! a]c2
local; c1[m!! a]c2

valueg [ f c2[m] v; c1g
bK = f c1 : c2; c3 : c4; c4[m!! b] c4

local; c3[m!! b] c4
valueg [ f c4[m] v; c3g

We canverify that bJ = 	 P( bK ), bK = 	 P( bJ ), and so bJ is a �xp oint of 	 P. However,

� ( bJ ) = f c1 : c2; c3 : c4; c2[m!! a]c2
local; c1[m!! a]c2

valueg
� ( bK ) � � ( bJ ) = f c4[m!! b] c4

local; c3[m!! b] c4
valueg

It is easyto check that the interpretation I = h� ( bJ ); � ( bK ) � � ( bJ ) i is not even an
object model of P, becauseI doesnot satisfy the program in Figure 9, namely, the
last rule of the program in Figure 9. But if we eliminate the last from the program in
Figure 9 and get a new program, then I would be an object model, but not a stable
object model, of this new program. 2



Chapter 9

Optimistic Ob ject Mo dels

In this chapter we will introduce a particular object model, called optimistic object
model, which exists for any F-logic program. We will show that the optimistic object
model is a stable object model and thus satis�es all the V-rules and C-rules of an
F-logic program plus the coreand optimistic inheritanceconstraints. Finally, we will
introducea partial order, called information ordering, amongobject models. We will
show that the optimistic object model is the least stable object model with respect
to information ordering.

9.1 De�nitions and Prop erties

De�nition 9.1.1 (Optimistic Ob ject Mo del) The optimistic object model, M ,
of an F-logic program P is de�ned as follows:

M def= hT; U i

T = � (lfp( FP))

U = � (	 P(lfp( FP))) � � (lfp( FP))

where � is the projection operator de�ned earlier. It removes the auxiliary atoms
of the forms c[m] v; o and c[m] c; o, which are used for book-keeping inheritance
candidacyinformation during computation.

De�nition 9.1.1 gives a procedural de�nition as well as characterization of opti-
mistic object models. Note that lfp(FP) is unique and alwaysexistsgiven an F-logic
programP . Therefore,the optimistic object model is uniquely de�ned for any F-logic
program.

To show the properties of optimistic object models, we need to introduce the
intermediate results of �xp oint computation.

65
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De�nition 9.1.2 Let � rangeover all countable ordinals. The setsbT � , bU� , bT1 , and
bU1 , which are extendedatom setsof an F-logic program P, are de�ned as follows:

bT0 = ; bU0 = 	 P(bT0) for limit ordinal 0
bT � = 	 P( bU� � 1) bU� = 	 P(bT � ) for successorordinal �
bT � =

[

� <�

bT �
bU� = 	 P(bT � ) for limit ordinal � 6= 0

bT1 =
[

�

bT �
bU1 = 	 P(bT1 )

Given an F-logic program P, the power set of its extendedHerbrand base dHBP

constitutes a complete lattice where the partial order is de�ned by set inclusion.
Therefore,Propositions 4.1.2 and 4.1.3 apply to any monotonic operator de�ned on
the power set of dHBP.

Lemma 9.1.1 Let � and � rangeover all countable ordinals:

(1) for all � , � : if � < � then bT � � bT �

(2) bT1 = lfp(FP)

(3) for all � : bT � � bT1

(4) bU1 = gfp(FP)

(5) for all � : bU� � bU1

(6) for all � , � : if � < � then bU� � bU�

(7) for all � : bT � � bU�

(8) for all � , � : bT � � bU�

Pro of.

(1) for all � , � : if � < � then bT � � bT �

By De�nition 9.1.2, for a successorordinal � :

bT � = 	 P( bU� � 1) = 	 P(	 P(bT � � 1)) = FP(bT � � 1)

SinceFP is monotonic by Lemma7.2.6,the result directly follows by Propo-
sition 4.1.3.

(2) bT1 = lfp(FP)

By Proposition 4.1.3.
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(3) for all � : bT � � bT1

By Proposition 4.1.3.

(4) bU1 = gfp(FP)

FP( bU1 ) = 	 P(	 P(	 P(bT1 ))) = 	 P(FP(bT1 )) = 	 P(bT1 ) = bU1 . It follows
that bU1 is a �xp oint of FP. Similarly, 	 P(gfp(FP)) is alsoa �xp oint of FP.
Thus 	 P(gfp(FP)) � bT1 , and so 	 P(	 P(gfp(FP))) � 	 P(bT1 ), gfp(FP) �
bU1 , by the antimonotonicity of 	 P. Therefore, bU1 is the greatest �xp oint
of FP.

(5) for all � : bU� � bU1

By De�nition 9.1.2,(3), and the antimonotonicity of 	 P.

(6) for all � , � : if � < � then bU� � bU�

By De�nition 9.1.2,(1), and the antimonotonicity of 	 P.

(7) for all � : bT � � bU�

By (3), bT1 � bT � . So 	 P(bT1 ) � 	 P(bT � ) by the antimonotonicity of 	 P.
Thus bT � � bT1 � bU1 = 	 P(bT1 ) � 	 P(bT � ) = bU� .

(8) for all � , � : bT � � bU�

If � = � , then bT � � bU� by (7). If � < � , then bT � � bT � � bU� , by (1) and
(7). If � > � , then bT � � bU� � bU� , by (6) and (7).

2

Therefore,by De�nition 9.1.1,Lemma 9.1.1,and the de�nition of the projection
function � in Section 7.1, we can reformulate the optimistic object model in the
following lemma.

Lemma 9.1.2 The optimistic object model, M , of an F-logic program P is de�ned
as follows:

M = h� (bT1 ); � ( bU1 ) � � (bT1 ) i = h� (bT1 ); � ( bU1 � bT1 ) i

Lemma 9.1.3 Let � rangeover all successorordinals and � rangeover all countable
ordinals:

bT � = V CP;bU � � 1
(bT � ) [ CC P;bU � � 1

(bT � ) [ IC t (bT � ) [ IC c
P;bU � � 1

(bT � ) [ IC i
P;bU � � 1

(bT � )

bU� = V CP;bT �
( bU� ) [ CC P;bT �

( bU� ) [ IC t ( bU� ) [ IC c
P;bT �

( bU� ) [ IC i
P;bT �

( bU� )

bT1 = V CP;bU1
(bT1 ) [ CC P;bU1

(bT1 ) [ IC t (bT1 ) [ IC c
P;bU1

(bT1 ) [ IC i
P;bU1

(bT1 )

bU1 = V CP;bT 1
( bU1 ) [ CC P;bT 1

( bU1 ) [ IC t ( bU1 ) [ IC c
P;bT 1

( bU1 ) [ IC i
P;bT 1

( bU1 )
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Pro of.

By De�nitions 9.1.2,7.2.7,7.2.6,and 7.2.5.
2

Let � be a countable ordinal. Given a pair of extendedatom sets bT � and bU� , we
know that bT � � bU� and so � (bT � ) � � ( bU� ) by Lemma 9.1.1. We can construct an
interpretation I � as follows: I � = h� (bT � ); � ( bU� ) � � (bT � ) i . Then the set of atoms
c[m] v; o (c[m] c; o) in bT � constitutesa subsetof the set of strong value(code) inheri-
tancecandidatesin I � , whereasthe setof atomsc[m] v; o (c[m] c; o) in bU� constitutes
a superset of the set of strong and weakvalue (code) inheritancecandidatesin I � . In
other words, bT � underestimatesinheritanceinformation whereasbU� overestimatesin-
heritanceinformation. The following lemmaillustrates this book-keepingmechanism
of the alternating �xp oint computation.

Lemma 9.1.4 Let I � = h� (bT � ); � ( bU� ) � � (bT � ) i where� rangesover all countable
ordinals:

(1) for all c; m; o: if c[m] v; o 2 bT � then c[m] sv; I � o

(2) for all c; m; o: if c[m] c; o 2 bT � then c[m] sc; I � o

(3) for all c; m; o: if c[m] sv; I � o or c[m] wv; I � o then c[m] v; o 2 bU�

(4) for all c; m; o: if c[m] sc; I � o or c[m] wc; I � o then c[m] c; o 2 bU�

Pro of.

(1) for all c; m; o: if c[m] v; o 2 bT � then c[m] sv; I � o

Proof by trans�nite induction.

The caseof � = 0 is trivial. Now suppose� is a successorordinal. Since
c[m] v; o 2 bT � , so c[m] v; o 2 IC c

P;bU � � 1
(bT � ) by Lemma 9.1.3. Thus o 6= c,

o: c 2 bT � , c[m!! v] c
local 2 bT � , ov(c; m; o) =2 IB P( bU� � 1), by De�nition 7.2.5.

But IB P( bU� � 1) � IB P( bU� ) by Lemma 9.1.1 and the monotonicity of IB P.
Thus ov(c; m; o) =2 IB P( bU� ) and so c[m] sv; I � o by Lemma 7.2.2.

If � is a limit ordinal and c[m] v; o 2 bT � =
S

� <�
bT � , then there exists


 < � such that c[m] v; o 2 bT 
 . Therefore c[m] sv; I 
 o by the induction
hypothesis.Soo 6= c, o: c 2 bT 
 � bT � , c[m!! v] c

local 2 bT 
 � bT � , ov(c; m; o) =2
IB P( bU
 ) by Lemma 7.2.2. But IB P( bU
 ) � IB P( bU� ) by Lemma 9.1.1 and
the monotonicity of IB P. Thus ov(c; m; o) =2 IB P( bU� ) and so c[m] sv; I � o by
Lemma 7.2.2.

(2) for all c; m; o: if c[m] c; o 2 bT � then c[m] sc; I � o

Similarly to (1).
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(3) for all c; m; o: if c[m] sv; I � o or c[m] wv; I � o then c[m] v; o 2 bU�

Since c[m] sv; I � o or c[m] wv; I � o, it follows that o 6= c, o: c 2 bU� ,
c[m!! v] c

local 2 bU� , ov(c; m; o) =2 IB P(bT � ), by Lemma 7.2.2. It follows that
c[m] v; o 2 IC c

P;bT �
( bU� ) � bU� , by De�nition 7.2.5and Lemma 9.1.3.

(4) for all c; m; o: if c[m] sc; I � o or c[m] wc; I � o then c[m] c; o 2 bU�

Similarly to (3).

2

Lemma 9.1.5 Let M be the optimistic object model of an F-logic programP. Then
the following statements are true:

(1) for all c; m; o: c[m] sv; M o i� c[m] v; o 2 bT1

(2) for all c; m; o: c[m] sc; M o i� c[m] c; o 2 bT1

(3) for all c; m; o: c[m] sv; M o or c[m] wv; M o i� c[m] v; o 2 bU1

(4) for all c; m; o: c[m] sc; M o or c[m] wc; M o i� c[m] c; o 2 bU1

Pro of.

Recall that M = h� (bT1 ); � ( bU1 ) � � (bT1 ) i by Lemma 9.1.2.

(1) for all c; m; o: c[m] sv; M o i� c[m] v; o 2 bT1

By Lemma 9.1.3 and De�nition 7.2.5, c[m] v; o 2 bT1 , i� c[m] v; o 2
IC c

P;bU1
(bT1 ), i� o 6= c, o: c 2 bT1 , c[m!! v] c

local 2 bT1 , and ov(c; m; o) =2

IB P( bU1 ), thus i� c[m] sv; M o, by Lemma 7.2.2.

(2) for all c; m; o: c[m] sc; M o i� c[m] c; o 2 bT1

Similarly to (1).

(3) for all c; m; o: c[m] sv; M o or c[m] wv; M o i� c[m] v; o 2 bU1

By Lemma 9.1.3 and De�nition 7.2.5, c[m] v; o 2 bU1 , i� c[m] v; o 2
IC c

P;bT 1
( bU1 ), i� o 6= c, o: c 2 bU1 , c[m!! v] c

local 2 bU1 , and ov(c; m; o) =2

IB P(bT1 ), thus i� c[m] sv; M o or c[m!! v] wv; M s, by Lemma 7.2.2.

(4) for all c; m; o: c[m] sc; M o or c[m] wc; M o i� c[m] c; o 2 bU1

Similarly to (3).

2

The lemmaabove says that bT1 includesexactly all strong inheritancecandidates
while bU1 includesexactly all strong and weak inheritance candidatesin the object
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model. This essentially implies that the optimistic object model is indeed a stable
object model.

Prop osition 9.1.6 The optimistic object model M of an F-logic program P is a
stable object model of P.

Pro of.

Let M = hT; U i be the optimistic object model of P. Then T = � ( bT1 ) and
U = � ( bU1 ) � � (bT1 ). So by De�nition 8.1.1 and Lemma 9.1.5, bTM = bT1 and
bUM = bU1 . Moreover, bU1 = 	 P(bT1 ) and bT1 = 	 P( bU1 ) by De�nition 9.1.2 and
Lemma 9.1.1. It follows that bTM = 	 P( bUM ) and bUM = 	 P(bTM ). Therefore,M is
a stable interpretation and thus a stable object model of P.
2

Corollary 9.1.7 The optimistic object model M of an F-logic program P is an
object model of P. Moreover, M satis�es the optimistic ISA transitivit y constraint
and the optimistic inheritance constraint.

Pro of.

By Proposition 9.1.6and Theorem8.2.9.
2

9.2 Information Ordering

By comparing the amount of \de�nite" information, i.e., truth and falsehood, that
is contained in di�eren t stable object modelsof an F-logic program P, we can de�ne
a partial order, called information ordering, amongstable object models.

De�nition 9.2.1 (Information Ordering) Given two stable object models, I 1 =
hP1; Q1 i and I 2 = hP2; Q2 i , of an F-logic program P, let R1 = HBP � (P1 [ Q1)
and R2 = HBP � (P2 [ Q2). Then I 1 � I 2 i� P1 � P2 and R1 � R2.

Intuitiv ely, a stable object model is \smaller" in the information ordering, if it
carrieslessamount of truth and lessamount of falsehood. Therefore,the least stable
object model contains the smallest set of true atoms and the smallest set of false
atoms amongall stable object models.

De�nition 9.2.2 (Least Stable Ob ject Mo del) Let I be a stable object model
of an F-logic program P. I is the least stableobject model of P, if I � J for any
stable object model J of P.
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Theorem 9.2.1 The optimistic object model M of an F-logic programP is the least
stable object model of P.

Pro of.

Let I = hT; U i be any stable object model of P. We needto show that M � I .
Clearly, given two stable object models, I 1 = hP1; Q1 i and I 2 = hP2; Q2 i , of an
F-logic program P, I 1 � I 2 i� P1 � P2 and P1 [ Q1 � P2 [ Q2. Recall that
M = h� (bT1 ); � ( bU1 ) � � (bT1 ) i . Therefore,to show that M � I , it su�ces to show
that � (bT1 ) � T and � ( bU1 ) � T [ U.

Since I is a stable object model of P, it follows that bT I = 	 P( bUI ) and bUI =
	 P(bT I ). Therefore, bT I = 	 P( bUI ) = 	 P(	 P(bT I )) = FP(bT I ) and so bT I is a �xp oint
of FP. Similarly, bUI is also a �xp oint of FP. But bT1 = lfp(FP) and bU1 = gfp(FP),
by Lemma 9.1.1. It follows that bT1 � bT I and bU1 � bUI . Thus � (bT1 ) � � (bT I ) and
� ( bU1 ) � � ( bUI ), by Lemma 7.1.1. Moreover, � ( bT I ) = T and � ( bUI ) = T [ U, by
De�nition 8.1.1. So � (bT1 ) � T and � ( bU1 ) � T [ U.
2

c2[m->>a]

c3

c1[f->>x]

c1 : c2.
c3 :: c2.
c1 : c3  c1[m!! a].
c1[f !! x].
c2[m!! a].

code c3[m!! b]  c3[f !! x].

Figure 10: Computation of Optimistic Object Models

Example 9.2.1 We illustrate the computation of optimistic object modelsusing the
F-logic program P in Figure 10. First let T and U denotethe following setsof atoms:

T = f c1 : c2; c3 :: c2; c1[f !! x] c1
local; c2[m!! a]c2

localg

U = f c1 : c3; c1[m!! a]c2
value; c1[m!! b] c3

codeg

Then the computation processof 	 P is as follows:

bT0 = ;
bT1 = 	 P(bT0) = T [ U [ f c2[m] v; c1; c3[m] c; c1g
bT2 = 	 P(bT1) = T
bT3 = 	 P(bT2) = bT1

bT4 = 	 P(bT3) = bT2

Therefore, lfp(FP) = bT2 and 	 P(lfp( FP)) = bT1, and so the optimistic object model
of the program in Figure 10 is hT; U i . 2
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Minimal Ob ject Mo dels

So far we have shown two di�eren t characterizationsof the optimistic object model
semantics: (i) the optimistic object model is the least �xp oint of an extendedalter-
nating �xp oint computation; and (ii) it is the least three-valued stable object model
with respect to information ordering. In this chapter we will introduce a di�eren t
partial order, called truth ordering, for all object models of an F-logic program. We
will then present a new characterization of optimistic object models: optimistic ob-
ject models are minimal object models that satisfy the optimistic ISA transitivit y
constraint and the optimistic inheritance constraint.

10.1 Truth Ordering

Since the introduction of the Closed World Assumption [47], comparing di�eren t
models of a program basedon the amount of \truth" contained in thosemodels has
becomea commontechnique. Typically, the true component of a model is minimized
and the falsecomponent is maximized. However, in F-logic we alsodeal with inheri-
tance,which complicatesthe matters somewhat,becausethe truth valueof a fact may
depend on inheritance. This can createobject models that look similar but actually
are incomparable. This issueis illustrated by an examplethat follows the de�nition
of minimalit y below. The solution is to minimize not only the set of true atoms of
an object model, but also the amount of positive inheritance information implied by
the object model.

De�nition 10.1.1 (T ruth Ordering) Let I 1 = hP1; Q1 i and I 2 = hP2; Q2 i be
two object modelsof an F-logic program P. We write I 1 � I 2 i�

(i) P1 � P2; and

(ii) P1 [ Q1 � P2 [ Q2; and

72
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(iii) for all c; m; o: c[m] sv; I 1 o implies c[m] sv; I 2 o; and

(iv) for all c; m; o: c[m] sc; I 1 o implies c[m] sc; I 2 o.

De�nition 10.1.2 (Minimal Ob ject Mo del) An object model I is minimal i�
there exists no object model J such that J � I and J 6= I .

The above de�nitions minimize the number of strong inheritance candidatesim-
plied by an object model in addition to the usualminimization of truth and maximiza-
tion of falsehood. This is neededbecauseincreasingthe number of falsefacts might
in
ate the number of strong inheritancecandidates,which in turn might unjusti�ably
in
ate the number of facts that are derived by inheritance.

c1

c3

c2[m->>a] c4[m->>b]
c1 : c2.
c1 : c3.
c3 :: c4.
c2[m!! a].
c4[m!! b].
c3[m!! c]  c1[m!! a].

Figure 11: Minimal Object Model

Example 10.1.1 Consider the program in Figure 11 and the following two object
modelsof the program: I 1 = hP1; Q1 i , where

P1 = f c1 : c2; c1 : c3; c3 :: c4; c2[m!! a]c2
local; c4[m!! b] c4

localg

Q1 = ;

and I 2 = hP2; Q2 i , where

P2 = P1

Q2 = f c1[m!! a]c2
value; c3[m!! c] c3

localg

I 1 and I 2 both agreeon the atoms that are true. But in I 1 both c1[m!! a]c2
value

and c3[m!! c] c3
local are false, whereasin I 2 they are both unde�ned. Clearly, I 1

carriesmore falseatomsthan I 2 and sowith the usualnotion of minimalit y we would
say I 1 � I 2. However, I 1 is not as \tigh t" as it appears,becausethe additional false
atomsin I 1 arenot automatically implied by the programunder our optimistic object
model semantics. Indeed, although c4[m] is a strong value inheritance candidate for
c1 in I 1, it is only a weak value inheritance candidate in I 2. We can seethat it is
due to this extra positive information about inheritance candidatesthat I 1 is able
to increasethe number of false atoms while keeping the true atoms intact. This
anomaly is eliminated by the inheritance minimization built into De�nition 10.1.1,
which rendersthe two models incomparable,i.e., I 1 6� I 2. 2
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10.2 Minimalit y

Now wewill present the main theoremof this chapter. In the proof of this theoremwe
will often needto comparea normal atom setwith the projection of an extendedatom
set to test for set inclusion. Without complicating the presentation we will usually
omit the project function and just write the extendedatom set, when its intended
usageis clear from the context.

Theorem 10.2.1 The optimistic object model M of an F-logic programP is minimal
amongthoseobject modelsof P that satisfy the optimistic ISA transitivit y constraint
and the optimistic inheritance constraint.

Pro of. By contradiction.

Recall that M = h� (bT1 ); � ( bU1 ) � � (bT1 ) i . Let I = hT; U i be any object model
of P that satis�es the optimistic ISA transitivit y constraint and the optimistic inher-
itance constraint. We want to show that if I � M then T = bT1 and T [ U = bU1 .

Let us assumethat I � M . Soby De�nition 10.1.1it follows that: (i) T � bT1 ;
(ii) T [ U � bU1 ; (iii) for all c; m; o: c[m] sv; I o implies c[m] sv; M o; and (iv) for all
c; m; o: c[m] sc; I o implies c[m] sc; M o.

Let J = hT; ; i and K = hT [ U; ; i .

Supposeon the contrary T � bT1 . Since bT1 =
S



bT 
 by De�nition 9.1.2 and

f bT 
 g is an increasingsequenceby Lemma 9.1.1, let � be the �rst ordinal such that
T � bT � and T � bT 
 for all 
 < � . Clearly, � must be a successorordinal. Thus
bT � = lfp(T P;bU � � 1

), by De�nitions 9.1.2 and 7.2.7. Since T P;bU � � 1
is monotonic by

Lemma 7.2.3, it follows that the ordinal powers of T P;bU � � 1
is an increasingsequence

by Proposition 4.1.3. Denote bJ 
 = T 

P;bU � � 1

for all ordinal 
 . Let � be the �rst ordinal

such that T � bJ � and T � bJ 
 for all 
 < � . Clearly, � must be a successorordinal.

Let A be any atom in HBP such that A =2 T and A 2 bJ � . By De�nitions 7.2.6
and 7.2.5,

bJ� = V CP;bU � � 1
( bJ� � 1 ) [ CC P;bU � � 1

( bJ� � 1 ) [

IC t ( bJ� � 1 ) [ IC c
P;bU � � 1

( bJ� � 1 ) [ IC i
P;bU � � 1

( bJ� � 1 )

There are four casesto consider:

(1) A 2 V CP;bU � � 1
( bJ� � 1 )

By De�nition 7.2.2,there must exist a V-rule, H  L1; : : : ; Ln, in ground(P),
such that H matchesA, and for all Li; 1 � i � n: (i) if Li is a positive literal,
then valbbJ� � 1

(Li) = t ; and (ii) if Li is a negative literal, then valbbU � � 1
(Li) = t .
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We will show that for all Li; 1 � i � n, Vb
I (Li) = t . If Li is a positive literal,

since bJ� � 1 � T and valbbJ� � 1
(Li) = t , then it follows that Vb

J (Li) = t , by

Lemma 5.3.2. Thus Vb
I (Li) = t by Lemma 5.3.1. Note that bU1 � bU� � 1

by Lemma 9.1.1. It follows that T [ U � bU1 � bU� � 1. Therefore, if Li is
a negative literal, sincevalbbU � � 1

(Li) = t , then it follows that Vb
K (Li) = t , by

Lemma 5.3.2. Thus Vb
I (Li) = t by Lemma 5.3.1.

BecauseI satis�es P, it follows that I (A) = Vh
I (H) = t . Thus A 2 T, a

contradiction.

(2) A 2 CC P;bU � � 1
( bJ� � 1 )

Then A = o[m!! v] c
code. Thus by De�nition 7.2.4, c[m] c; o 2 bJ� � 1 ,

lc(o; m) =2 IB P( bU� � 1), mc(c; m; o) =2 IB P( bU� � 1), and there is a C-rule,
R � code c[m!! v]  B, in ground(P) such that for every literal L 2 B cno:
(i) if L is a positive literal then valbbJ� � 1

(L) = t ; and (ii) if L is a negative

literal then valbbU � � 1
(L) = t .

Becausec[m] c; o 2 bJ� � 1 , there must exist a successorordinal � � � � 1 < � ,
such that c[m] c; o 2 bJ� . It follows that c[m] c; o 2 IC c

P;bU � � 1
( bJ� � 1 ). There-

fore, c 6= o, o: c 2 bJ� � 1 , and ov(c; m; o) =2 IB P( bU� � 1), by De�nition 7.2.5.
Since bJ� � 1 � T and T [ U � bU1 � bU� � 1, it follows that o: c 2 T
and ov(c; m; o) =2 IB P(T [ U). Thus c[m] sc; I o by Lemma 7.2.2. Because
lc(o; m) =2 IB P( bU� � 1), so lc(o; m) =2 IB P(T [ U) by the monotonicity of IB P.
It follows that o[m] is neither a strong nor a weak local context in I , by
De�nitions 7.2.3and 6.1.1.

Next we will show that there is no x such that x 6= c and x[m]; I o. Suppose
on the contrary there is x 6= c such that x[m]; I o. Then x 6= o, o: x 2 T [ U,
x[m!! y] x

local 2 T [ U for somevaluey or there is a C-rule in ground(P) which
speci�es the instance method m for the classc, and ov(x; m; o) =2 IB P(T),
by Lemma 7.2.2. Since T [ U � bU1 � bU� � 1 and T � bT � � 1, it fol-
lows that o: x 2 bU� � 1, x[m!! y] x

local 2 bU� � 1 for somevalue y or there is
a C-rule in ground(P) which speci�es the instancemethod m for the classc,
and ov(x; m; o) =2 IB P(bT � � 1). Thus x[m] v; o 2 IC c

P;bT � � 1
( bU� � 1) � bU� � 1 or

x[m] c; o 2 IC c
P;bT � � 1

( bU� � 1) � bU� � 1, by De�nition 7.2.5 and Lemma 9.1.3.

Therefore, mc(c; m; o) 2 IB P( bU� � 1), by De�nition 7.2.3, which contradicts
the fact that mc(c; m; o) =2 IB P( bU� � 1).

So far we have shown that o[m] is neither a strong nor a weak local context
in I , c[m] sc; I o, and there is no x such that x 6= c and x[m]; I o. Therefore,
o strongly inherits R in I , by De�nition 6.3.2. So imodeI (Rjjo) = t .
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We already know that for every literal L 2 B cno: (i) if L is positive then
valbbJ� � 1

(L) = t ; and (ii) if L is negative then valbbU � � 1
(L) = t . Now we will

show that for all L 2 B cno, Vb
I (L) = t . If L is a positive literal, since bJ� � 1 � T

and valbbJ� � 1
(L) = t , then it follows that Vb

J (L) = t , by Lemma 5.3.2. Thus

Vb
I (L) = t by Lemma 5.3.1. Note that bU1 � bU� � 1 by Lemma 9.1.1. It

follows that T [ U � bU1 � bU� � 1. Therefore, if L is a negative literal,
sincevalbbU � � 1

(L) = t , then it follows that Vb
K (L) = t , by Lemma 5.3.2. Thus

Vb
I (L) = t by Lemma 5.3.1.

Therefore,Vb
I (L) = t for every literal L 2 B cno. It follows that Vb

I (B cno) = t .
Moreover, imodeI (Rjjo) = t . BecauseI is an object model of P, so I should
satisfy Rjjo. It follows that I (o[m!! v] c

code) = t by De�nition 6.3.4. Thus
o[m!! v] c

code 2 T, a contradiction.

(3) A 2 IC t ( bJ� � 1 )

If A = o: c, then there exists x, such that o: x 2 bJ� � 1 and x:: c 2 bJ � � 1, by
De�nition 7.2.5. Since bJ� � 1 � T, it follows that o: x 2 T and x:: c 2 T.
So I (o: x) = t and I (x :: c) = t . BecauseI is an object model of P and
so satis�es the positive ISA transitivit y constraint, therefore I (o: c) = t
by De�nition 6.2.1. It follows that o: c 2 T, a contradiction. Similarly, if
A = s:: c, then we can alsoshow that s:: c 2 T, which is a contradiction.

(4) A 2 IC i
P;bU � � 1

( bJ� � 1 )

Then A = o[m!! v] c
value. Thus c[m] v; o 2 bJ� � 1 , c[m!! v] c

local 2 bJ� � 1 ,
lc(o; m) =2 IB P( bU� � 1), and mc(c; m; o) =2 IB P( bU� � 1), by De�nition 7.2.5. Be-
causec[m] v; o 2 bJ� � 1 , there must exist a successorordinal � � � � 1 < � ,
such that c[m] v; o 2 bJ� . It follows that c[m] v; o 2 IC c

P;bU � � 1
( bJ� � 1 ).

Therefore, c 6= o, o: c 2 bJ� � 1 , c[m!! z]c
local 2 bJ� � 1 for somevalue z, and

ov(c; m; o) =2 IB P( bU� � 1), by De�nition 7.2.5. Since bJ� � 1 � bJ� � 1 � T
and T [ U � bU1 � bU� � 1, it follows that o: c 2 T, c[m!! v] c

local 2 T,
and ov(c; m; o) =2 IB P(T [ U). Thus c[m] sv; I o by Lemma 7.2.2. Because
lc(o; m) =2 IB P( bU� � 1), so lc(o; m) =2 IB P(T [ U) by the monotonicity of IB P.
It follows that o[m] is neither a strong nor a weak local context in I , by
De�nitions 7.2.3and 6.1.1.

Next we will show that there is no x such that x 6= c and x[m]; I o. Suppose
on the contrary there is x 6= c such that x[m]; I o. Then x 6= o, o: x 2 T [ U,
x[m!! y] x

local 2 T [ U for somevaluey or there is a C-rule in ground(P) which
speci�es the instance method m for the classc, and ov(x; m; o) =2 IB P(T),
by Lemma 7.2.2. Since T [ U � bU1 � bU� � 1 and T � bT � � 1, it fol-
lows that o: x 2 bU� � 1, x[m!! y] x

local 2 bU� � 1 for somevalue y or there is
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a C-rule in ground(P) which speci�es the instancemethod m for the classc,
and ov(x; m; o) =2 IB P(bT � � 1). Thus x[m] v; o 2 IC c

P;bT � � 1
( bU� � 1) � bU� � 1 or

x[m] c; o 2 IC c
P;bT � � 1

( bU� � 1) � bU� � 1, by De�nition 7.2.5 and Lemma 9.1.3.

Therefore, mc(c; m; o) 2 IB P( bU� � 1), by De�nition 7.2.3, which contradicts
the fact that mc(c; m; o) =2 IB P( bU� � 1).

So far we have shown that o[m] is neither a strong nor a weak local context
in I , c[m] sv; I o, I (c[m!! v] c

local) = t , and there is no x such that x 6= c
and x[m]; I o. BecauseI is an object model of P and sosatis�es the unique
sourceinheritanceconstraint, thereforeo[m!! v] c

value 2 T by De�nition 6.2.3,
a contradiction.

Therefore, if T � bT1 , then we can derive a contradiction in all three possible
cases.SoT = bT1 .

It remainsto show that T [ U = bU1 . Weknow that T [ U � bU1 , becauseI � M .
Therefore if we can show that T [ U � bU1 , then T [ U = bU1 . By De�nitions 9.1.2
and 7.2.7, bU1 = lfp(T P;bT 1

). SinceT P;bT 1
is monotonic, the ordinal powersof T P;bT 1

is an increasingsequenceby Proposition 4.1.3. Denote bK 
 = T 

P;bT 1

for all ordinal


 . We will prove by trans�nite induction that T [ U � bK � for all ordinal � , thus
completethe proof.

The casefor a limit ordinal � is trivial. If � = 0, then bK0 = ; � T [ U. If � 6= 0,
then bK � =

S
� <�

bK � . By the induction hypothesiswe know that T [ U � bK � for

all � < � . SoT [ U � bK � .

Let � be a successorordinal and A be any atom in HBP such that A 2 bK � . We
will show that A 2 T [ U. By De�nitions 7.2.6and 7.2.5,

bK � = V CP;bT 1
( bK � � 1 ) [ CC P;bT 1

( bK � � 1 ) [

IC t ( bK � � 1 ) [ IC c
P;bT 1

( bK � � 1 ) [ IC i
P;bT 1

( bK � � 1 )

There are four casesto consider:

(1) A 2 V CP;bT 1
( bK � � 1 )

By De�nition 7.2.2,there must exist a V-rule, H  L1; : : : ; Ln, in ground(P),
such that H matchesA, and for all Li; 1 � i � n: (i) if Li is a positive literal,
then valbbK � � 1

(Li) = t ; and (ii) if Li is a negative literal, then valbbT 1
(Li) = t .

We will show that for all Li; 1 � i � n; Vb
I (Li) � u. If Li is a positive literal,

since bK � � 1 � T [ U by the induction hypothesisand valbbK � � 1
(Li) = t , then it

follows that Vb
K (Li) = t , by Lemma 5.3.2. Thus Vb

I (Li) � u by Lemma 5.3.1.
We have proved that T = bT1 . Therefore, if Li is a negative literal, then
Vb

J (Li) = Vb
bT 1

(Li) = t . Thus Vb
I (Li) � u by Lemma 5.3.1.
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BecauseI satis�es P, it follows that I (A) = Vh
I (H) � u. Thus A 2 T [ U.

(2) A 2 CC P;bT 1
( bK � � 1 )

Then A = o[m!! v] c
code. Thus by De�nition 7.2.4, c[m] c; o 2 bK � � 1 ,

lc(o; m) =2 IB P(bT1 ), mc(c; m; o) =2 IB P(bT1 ), and there is a C-rule,
R � code c[m!! v]  B, in ground(P) such that for every literal L 2 B cno:
(i) if L is a positive literal then valbbK � � 1

(L) = t ; and (ii) if L is a negative

literal then valbbT 1
(L) = t .

Becausec[m] v; o 2 bK � � 1 , theremust exist a successorordinal � � � � 1 < � ,
such that c[m] v; o 2 bK � . It follows that c[m] v; o 2 IC c

P;bT 1
( bK � � 1 ). There-

fore, c 6= o, o: c 2 bK � � 1 , and ov(c; m; o) =2 IB P(bT1 ), by De�nition 7.2.5.
Since bK � � 1 � T [ U by the induction hypothesisand we have proved that
T = bT1 , it follows that o: c 2 T [ U and ov(c; m; o) =2 IB P(T). Therefore
c[m] sc; I o or c[m] wc; I o, by Lemma 7.2.2. Becauselc(o; m) =2 IB P(bT1 ), it
follows that lc(o; m) =2 IB P(T), and so o[m] is not a strong local context, by
De�nitions 7.2.3and 6.1.1. Becausec[m!! v] c

local 2 bK � � 1 � T [ U, it follows
that I (c[m!! v] c

local) � u.

Next we will show that there is no x 6= c such that x[m] sv; I o or x[m] sc; I o.
Supposeon the contrary there existsx 6= c such that x[m] sv; I o or x[m] sc; I o.
Then x[m] sv; M o or x[m] sc; M o, becauseI � M . It follows that x[m] v; o 2
bT1 or x[m] c; o 2 bT1 , by Lemma 9.1.5. Therefore,mc(c; m; o) 2 IB P(bT1 ),
by De�nition 7.2.3,which contradicts the fact that mc(c; m; o) =2 IB P(bT1 ).

So far we have shown that c[m] sc; I o or c[m] wc; I o, o[m] is not a strong local
context, and there is no x 6= c such that x[m] sv; I o or x[m] sc; I o. Therefore,o
must either strongly or weakly inherit R in I , by De�nitions 6.3.2and 6.3.2.
So imodeI (Rjjo) � u.

We already know that for every literal L 2 B cno: (i) if L is a positive literal
then valbbK � � 1

(L) = t ; and (ii) if L is a negative literal then valbbT 1
(L) = t .

We will show that for all Li; 1 � i � n; Vb
I (Li) � u. If Li is a positive literal,

since bK � � 1 � T [ U by the induction hypothesisand valbbK � � 1
(Li) = t , then it

follows that Vb
K (Li) = t , by Lemma 5.3.2. Thus Vb

I (Li) � u by Lemma 5.3.1.
We have proved that T = bT1 . Therefore, if Li is a negative literal, then
Vb

J (Li) = Vb
bT 1

(Li) = t . Thus Vb
I (Li) � u by Lemma 5.3.1.

Therefore,Vb
I (L) � u for every literal L 2 B cno. It follows that Vb

I (B cno) � u.
Moreover, imodeI (Rjjo) � u. BecauseI is an object model of P, soI should
satisfy Rjjo. It follows that I (o[m!! v] c

code) � u by De�nition 6.3.4. Thus
o[m!! v] c

code 2 T [ U.
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(3) A 2 IC t ( bK � � 1 )

If A = o: c, then there exists x such that o: x 2 bK � � 1 and x:: c 2 bK � � 1 , by
De�nition 7.2.5. Since bK � � 1 � T [ U by the induction hypothesis,it follows
that o: x 2 T [ U and x:: c 2 T [ U. SoI (o: x) � u and I (x :: c) � u. Because
I satis�es the optimistic ISA transitivit y constraint, therefore I (o: c) � u
by De�nitions 6.5.1 and 6.2.1. It follows that o: c 2 T [ U. Similarly, if
A = s:: c, then we can alsoshow that s:: c 2 T [ U.

(4) A 2 IC i
P;bT 1

( bK � � 1 )

Then A = o[m!! v] c
value. Thus c[m] v; o 2 bK � � 1 , c[m!! v] c

local 2 bK � � 1 ,
lc(o; m) =2 IB P(bT1 ), and mc(c; m; o) =2 IB P(bT1 ), by De�nition 7.2.5. Be-
causec[m] v; o 2 bK � � 1 , there must exist a successorordinal � � � � 1 < � ,
such that c[m] v; o 2 bK � . It follows that c[m] v; o 2 IC c

P;bT 1
( bK � � 1 ). There-

fore, c 6= o, o: c 2 bK � � 1 , c[m!! z]c
local 2 bK � � 1 for some value z, and

ov(c; m; o) =2 IB P(bT1 ), by De�nition 7.2.5. Since bK � � 1 � bK � � 1 � T [ U
by the induction hypothesis and T = bT1 , it follows that o: c 2 T [ U,
c[m!! v] c

local 2 T [ U, and ov(c; m; o) =2 IB P(T). Thus c[m] sv; I o or
c[m] wv; I o by Lemma 7.2.2. Becauselc(o; m) =2 IB P(bT1 ), it follows that
lc(o; m) =2 IB P(T), and so o[m] is not a strong local context, by De�-
nitions 7.2.3 and 6.1.1. Becausec[m!! v] c

local 2 T [ U, it follows that
I (c[m!! v] c

local) � u.

Next we will show that there is no x 6= c such that x[m] sv; I o or x[m] sc; I o.
Supposeon the contrary there existsx 6= c such that x[m] sv; I o or x[m] sc; I o.
Then x[m] sv; M o or x[m] sc; M o, becauseI � M . It follows that x[m] v; o 2
bT1 or x[m] c; o 2 bT1 , by Lemma 9.1.5. Therefore,mc(c; m; o) 2 IB P(bT1 ),
by De�nition 7.2.3,which contradicts the fact that mc(c; m; o) =2 IB P(bT1 ).

So far we have shown that o[m] is not a strong local context, c[m] sv; I o or
c[m] wv; I o, I (c[m!! v] c

local) � u, and there is no x 6= c such that x[m] sv; I o or
x[m] sc; I o. BecauseI satis�es the optimistic inheritanceconstraint, therefore
I (o[m!! v] c

value) � u, by De�nition 6.5.2. Soo[m!! v] c
value 2 T [ U.

2



Chapter 11

Implemen tation

It turns out that the optimistic object model of an F-logic programP canbecomputed
as the well-foundedmodel of a certain generallogic program with negation which is
obtained from P by rewriting.

Given an F-logic program P, we �rst rewrite P into a generallogic program Pwf .
Then we show that the well-founded model of Pwf is isomorphic to the optimistic
object model of P.

11.1 Rewriting

First we will show how to rewrite the V-rules and C-rules of an F-logic program
P. We can de�ne a rewriting function that applies to all V-rules and C-rules. Note
that becauseliterals in rule headsand rule bodies have di�eren t meanings,they are
rewritten di�eren tly. Moreover, literals in the headsof V-rules and in the headsof
C-rules are also rewritten di�eren tly.

De�nition 11.1.1 Givenan F-logic programP, let L be a literal in P. The functions
� h and � b for rewriting headand body literals in P, respectively, arede�ned asfollows:

� h(L) =

8
<

:

isa(o; c); if L = o: c
sub(s; c); if L = s:: c
locmvd(s; m; v); if L = s[m!! v]

� b(L) =

8
>><

>>:

isa(o; c); if L = o: c
sub(s; c); if L = s:: c
mvd(o; m; v); if L = o[m!! v]
: (� b(G)) ; if L = : G

The rewriting function � on V-rules in P is de�ned as follows:

� (H  L1; : : : ; Ln) = � h(H)  � b(L1); : : : ; � b(Ln)

80
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And the rewriting function � on C-rules in P is de�ned as follows:

� (code c[m!! v]  L1; : : : ; Ln) = codmvd(O; m; v; c)  � b(B1); : : : ; � b(Bn)

where O is a new variable that does not appear in the C-rule and Bi = (Li) cnO for
all 1 � i � n, i.e., Bi is obtained from Li by substituting the new variable O for all
occurrencesof c.

mvd(O; M; V)  locmvd(O; M; V).

mvd(O; M; V)  valinhmv d(O; M; V; C).

mvd(O; M; V)  codinhmvd(O; M; V; C).

sub(S; C)  sub(S; X), sub(X; C).

isa(O; C)  isa(O; S), sub(S; C).

valinhmv d(O; M; V; C)  valcandidate(C; M; O), locmvd(C; M; V),
: local(O; M), : mul tipl e(C; M; O).

codinhmvd(O; M; V; C)  codcandidate(C; M; O), codmvd(O; M; V; C),
: local(O; M), : mul tipl e(C; M; O).

valcandidate(C; M; O)  isa(O; C), locmvd(C; M; V),
C 6= O, : overr ide(C; M; O).

codcandidate(C; M; O)  isa(O; C), coddef(C; M),
C 6= O, : overr ide(C; M; O).

local(O; M)  locmvd(O; M; V).

mul tipl e(C; M; O)  valcandidate(X; M; O), X 6= C.

mul tipl e(C; M; O)  codcandidate(X; M; O), X 6= C.

overr ide(C; M; O)  sub(X; C), isa(O; X), locmvd(X; M; V),
X 6= C, X 6= O.

overr ide(C; M; O)  sub(X; C), isa(O; X), coddef(X; M),
X 6= C, X 6= O.

Figure 12: Trailer Rules for Well-FoundedRewriting

De�nition 11.1.2 (W ell-F ounded Rewriting) The well-foundedrewriting of an
F-logic program P, denoted Pwf , is a general logic program constructed by the fol-
lowing steps:
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(1) For every V-rule R in P, add its rewriting � (R) into Pwf .

(2) For every C-rule R in P, which speci�es an instancemethod m for a classc,
add its rewriting � (R) into Pwf . Moreover, add a fact coddef(c; m) into Pwf .

(3) Include the trailer shown in Figure 12 to Pwf (note that uppercaseletters
denotevariablesin thesetrailer rules).

While rewriting an F-logic program into a general logic program, we need to
output facts of the form coddef(c; m) to remember that there is a C-rule specifying
the instancemethod m for the classc. Such atoms are usedto derive overriding and
code inheritance candidacy information. Clearly, given an F-logic program P, the
amount of time neededto generatePwf is linear in the sizeof P. Note that the trailer
rules are �xed for an given F-logic program. Therefore, the sizeof Pwf is also linear
in the sizeof the original F-logic program P.

11.2 Isomorphism

Given the well-founded rewriting, Pwf , of an F-logic program P, the Her-
brand base of Pwf , denoted HBPwf , consists of atoms of the following forms:
isa=2, sub=2, locmvd=3, valinhmv d=4, codmvd=4, coddef=2, codinhmvd=4, mvd=3,
valcandidate=3, codcandidate=3, local=2, mul tipl e=3, and overr ide=3.

De�nition 11.2.1 (Isomorphism) Let Pwf be the well-founded rewriting of an
F-logic program P, HBPwf be the Herbrand baseof Pwf , dHBP be the extendedHer-
brand baseof P, Iwf be a subsetof HBPwf , and bI be a subsetof dHBP, we say that
Iwf is isomorphic to bI , if all of the following conditions are true:

(1) for all o; c: isa(o; c) 2 Iwf i� o: c 2 I

(2) for all s; c: sub(s; c) 2 Iwf i� s:: c 2 I

(3) for all s; m; v: locmvd(s; m; v) 2 Iwf i� s[m!! v] s
local 2 I

(4) for all o; m; v; c: valinhmv d(o; m; v; c) 2 Iwf i� o[m!! v] c
value 2 I

(5) for all o; m; v; c: codinhmvd(o; m; v; c) 2 Iwf i� o[m!! v] c
code 2 I

(6) for all c; m; o: valcandidate(c; m; o) 2 Iwf i� c[m] v; o 2 bI

(7) for all c; m; o: codcandidate(c; m; o) 2 Iwf i� c[m] c; o 2 bI

(8) for all o; m: local(o; m) 2 Iwf i� lc(o; m) 2 IB P(bI )

(9) for all c; m; o: mul tipl e(c; m; o) 2 Iwf i� mc(c; m; o) 2 IB P(bI )

(10) for all c; m; o: overr ide(c; m; o) 2 Iwf i� ov(c; m; o) 2 IB P(bI )
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Let M wf = hTwf ; Uwf i be the well-founded model of Pwf , and M =
h� (bT1 ); � ( bU1 � bT1 ) i be the optimistic object model of P. We say that M wf is
isomorphic to M , if Twf and Uwf are isomorphic to bT1 and bU1 � bT1 , respectively.

Note that the de�nition of isomorphismabove includesatomswhich do not �nally
appear in an interpretation of an F-logic program P. However, once we can show
that the well-foundedmodel of Pwf is isomorphic to the the optimistic object model
M of P, we can establish an one-to-onemapping between isa(o; c) 2 M wf and
o: c 2 M , betweensub(s; c) 2 M wf and s:: c 2 M , betweenlocmvd(s; m; v) 2 M wf

and s[m!! v] s
local 2 M , between codinhmvd(o; m; v; c) 2 M wf and o[m!! v] c

code 2
M , and betweenvalinhmv d(o; m; v; c) 2 M wf and o[m!! v] c

value 2 M , taking into
account the truth values of atoms. Thus the optimistic object model of P can be
e�ectiv ely computedby the well-foundedmodel of Pwf .

De�nition 11.2.2 Let Pwf be the well-founded rewriting of an F-logic program
P and Iwf be a subset of HBPwf . We say that Iwf is in normal form, if for
all o; m; v: mvd(o; m; v) 2 Iwf i� locmvd(o; m; v) 2 Iwf , or there is c such that
valinhmv d(o; m; v; c) 2 Iwf or codinhmvd(o; m; v; c) 2 Iwf .

Lemma 11.2.1 Let Pwf be the well-foundedrewriting of an F-logic program P and
Iwf be a subsetof HBPwf . Then lfp(CPwf ;Iwf ) is in normal form.

Pro of.

By De�nitions 11.2.2,11.1.2,4.2.6,and 4.2.5.
2

Lemma 11.2.2 Let Pwf be the well-foundedrewriting of an F-logic programP, bI be
a subsetof dHBP, Iwf be a subsetof HBPwf which is isomorphicto bI and is in normal
form, and G be a ground positive literal. Then valbbI (: G) = t i� � b(G) =2 Iwf .

Pro of.

There are three casesto consider:

(1) G = o: c

Then � b(G) = isa(o; c). It follows that valbbI (: s: c) = t , i� s: c =2 bI , by
De�nition 5.3.1, i� isa(o; c) =2 Iwf , becauseIwf is isomorphic to bI .

(2) G = s:: c

Then � b(G) = sub(s; c). It follows that valbbI (: s:: c) = t , i� s:: c =2 bI , by
De�nition 5.3.1, i� sub(s; c) =2 Iwf , becauseIwf is isomorphic to bI .

(3) G = o[m!! v]
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Then � b(G) = mvd(o; m; v). It follows that valbbI (: o[m!! v]) = t , i�
valbbI (o[m!! v]) = f , i� o[m!! v] o

local =2 bI , o[m!! v] c
value =2 bI and

o[m!! v] c
code =2 bI for all c, i� locmvd(o; m; v) =2 Iwf , valinhmv d(o; m; v; c) =2

Iwf and codinhmvd(o; m; v; c) =2 Iwf for all c, becauseIwf is isomorphic to bI ,
thus i� mvd(o; m; v) =2 Iwf , sinceIwf is in normal form.

2

Prop osition 11.2.3 Let Pwf be the well-foundedrewriting of an F-logic program P,
Iwf be a subsetof HBPwf which is in normal form, and bI be a subsetof dHBP. If Iwf

is isomorphic to bI , then lfp(CPwf ;Iwf ) is isomorphic to lfp(T P;bI ).

Pro of.

Let Jwf = lfp(CPwf ;Iwf ) and bJ = lfp(T P;bI ). First we will show that all of the
following conditions are true:

(1) for all o; c: isa(o; c) 2 Jwf i� o: c 2 bJ

(2) for all s; c: sub(s; c) 2 Jwf i� s:: c 2 bJ

(3) for all s; m; v: locmvd(s; m; v) 2 Jwf i� s[m!! v] s
local 2 bJ

(4) for all o; m; v; c: valinhmv d(o; m; v; c) 2 Jwf i� o[m!! v] c
value 2 bJ

(5) for all o; m; v; c: codinhmvd(o; m; v; c) 2 Jwf i� o[m!! v] c
code 2 bJ

(6) for all c; m; o: valcandidate(c; m; o) 2 Jwf i� c[m] v; o 2 bJ

(7) for all c; m; o: codcandidate(c; m; o) 2 Jwf i� c[m] c; o 2 bJ

I. )
First let us de�ne:

Swf
0 = ; bS0 = ; for limit ordinal 0

Swf
� = CPwf ;Iwf (Swf

� � 1) bS� = T P;bI ( bS� � 1 ) for successorordinal �

Swf
� =

[

� <�

Swf
�

bS� =
[

� <�

bS� for limit ordinal � 6= 0

Swf
1 =

[

�

Swf
�

bS1 =
[

�

bS�

Then Swf
1 = lfp(CPwf ;Iwf ) and bS1 = lfp(T P;bI ). We will prove by trans�nite induction

that for any ordinal � and for all o; s; c; m; v, the following conditionsaretrue:

(1) if isa(o; c) 2 Swf
� then o: c 2 bS�

(2) if sub(s; c) 2 Swf
� then s:: c 2 bS�
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(3) if locmvd(s; m; v) 2 Swf
� then s[m!! v] s

local 2 bS�

(4) if valinhmv d(o; m; v; c) 2 Swf
� then o[m!! v] c

value 2 bS�

(5) if codinhmvd(o; m; v; c) 2 Swf
� then o[m!! v] c

code 2 bS�

(6) if valcandidate(c; m; o) 2 Swf
� then c[m] v; o 2 bS�

(7) if codcandidate(c; m; o) 2 Swf
� then c[m] c; o 2 bS�

The casefor a limit ordinal � is trivial. Now let � be a successorordinal. So
Swf

� = CPwf ;Iwf (Swf
� � 1).

First we show that for any ground positive literal L, if � b(L) 2 Swf
� � 1, then

valbbS� � 1
(L) = t : (i) If L = o: c, then � b(L) = isa(o; c). It follows that o: c 2 bS� � 1

by the induction hypothesis. Thus valbbS� � 1
(o: c) = t ; (ii) Similarly, we can show

that if � b(L) = sub(s; c) 2 Swf
� � 1, then valbbS� � 1

(s:: c) = t ; (iii) If L = o[m!! v],

then � b(L) = mvd(o; m; v). BecauseSwf

 � Swf

� � 1 for all 
 � � � 1 by Proposi-
tion 4.1.3, there must exist a successorordinal � � � � 1 such that mvd(s; m; v) 2
Swf

� = CPwf ;Iwf (Swf
� � 1). It follows that locmvd(o; m; v) 2 Swf

� � 1, or there is c such
that valinhmv d(o; m; v; c) 2 Swf

� � 1 or codinhmvd(o; m; v; c) 2 Swf
� � 1, according to the

trailer rules in De�nition 11.1.2. Thus o[m!! v] o
local 2 bS� � 1 , or there is c such that

o[m!! v] c
value 2 bS� � 1 or o[m!! v] c

code 2 bS� � 1 , by the induction hypothesis. More-
over, bS� � 1 � bS� � 1 by Proposition 4.1.3. It follows that valbbS� � 1

(o[m!! v]) = t .

Now considerthe following cases:

(1) isa(o; c) 2 Swf
� and isa(o; c) is derived via a rule Rwf 2 ground(Pwf ) which is

rewritten from a V-rule R 2 ground(P).

Then Rwf � isa(o; c)  � b(C1); : : : ; � b(Cm); : � b(G1); : : : ; : � b(Gn), such
that Rwf is the rewriting of R � o: c  C1; : : : ; Cm; : G1; : : : ; : Gn, where
Ci (1 � i � m) and Gj (1 � j � n) are positive literals. By De�nition 4.2.5,
� b(Ci) 2 Swf

� � 1 for all 1 � i � m, and � b(Gj) =2 Iwf for all 1 � j � n. Following
the above claim, valbbS� � 1

(Ci) = t for all 1 � i � m. Moreover, Iwf is isomor-

phic to bI and is in normal form, therefore valbbI (: Gj) = t for all 1 � j � n,
by Lemma 11.2.2. So o: c 2 V CP;bI ( bS� � 1 ) � T P;bI ( bS� � 1 ) = bS� , by De�ni-
tions 7.2.2and 7.2.6.

(2) isa(o; c) 2 Swf
� and isa(o; c) is derived via a trailer rule Rwf in ground(Pwf ).

Then there existss such that Rwf = isa(o; c)  isa(o; s); sub(s; c). It follows
that isa(o; s) 2 Swf

� � 1 andsub(s; c) 2 Swf
� � 1. Thuso: s 2 bS� � 1 ands:: c 2 bS� � 1

by the induction hypothesis. So o: c 2 IC t ( bS� � 1 ) � T P;bI ( bS� � 1 ) = bS� , by
De�nitions 7.2.5and 7.2.6.
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(3) sub(s; c) 2 Swf
� and sub(s; c) is derived via a rule Rwf 2 ground(Pwf ) which is

rewritten from a V-rule R 2 ground(P).

Similarly to (1), we can show that s:: c 2 bS� .

(4) sub(s; c) 2 Swf
� and sub(s; c) is derived via a trailer rule Rwf in ground(Pwf ).

Similarly to (2), we can show that s:: c 2 bS� .

(5) locmvd(s; m; v) 2 Swf
�

Then locmvd(s; m; v) must be derived via a rule Rwf 2 ground(Pwf ) which is
rewritten from a V-rule R 2 ground(P). Similarly to (1), we can also show
that s[m!! v] s

local 2 bS� .

(6) valinhmv d(o; m; v; c) 2 Swf
�

By De�nition 11.1.2, valinhmv d(o; m; v; c) must be derived via a trailer
rule in ground(Pwf ). It follows that valcandidate(c; m; o) 2 Swf

� � 1,
locmvd(c; m; v) 2 Swf

� � 1, local(o; m) =2 Iwf , and mul tipl e(c; m; o) =2 Iwf , by
De�nition 11.1.2. So c[m] v; o 2 bS� � 1 and c[m!! v] c

local 2 bS� � 1 , by the in-
duction hypothesis. Moreover, lc(o; m) =2 IB P(bI ) and mc(c; m; o) =2 IB P(bI ),
sinceIwf is isomorphic to bI . It follows that o[m!! v] c

value 2 IC i
P;bI

( bS� � 1 ) �

T P;bI ( bS� � 1 ) = bS� , by De�nitions 7.2.5and 7.2.6.

(7) codinhmvd(o; m; v; c) 2 Swf
�

By De�nition 11.1.2, codinhmvd(o; m; v; c) must be derived via a trailer
rule in ground(Pwf ). It follows that codcandidate(c; m; o) 2 Swf

� � 1,
codmvd(o; m; v; c) 2 Swf

� � 1, local(o; m) =2 Iwf , and mul tipl e(c; m; o) =2 Iwf , by
De�nition 11.1.2. So c[m] c; o 2 bS� � 1 by the induction hypothesis. More-
over, lc(o; m) =2 IB P(bI ) and mc(c; m; o) =2 IB P(bI ), sinceIwf is isomorphic to
bI .

Note that by De�nition 11.1.2, codmvd(o; m; v; c) must be derived via a
rule Rwf � codmvd(o; m; v; c)  � b(C1); : : : ; � b(Cm); : � b(G1); : : : ; : � b(Gn),
in ground(Pwf ), which is rewritten from the following C-rule in ground(P),
R � code c[m!! v]  B1; : : : ; Bm; : F1; : : : ; : Fn, whereBi and Fj are pos-
itiv e literals, Ci = (Bi) cno and Gj = (Fj) cno, for all 1 � i � m and 1 � j � n.

Similarly to (1), we can show that valbbS� � 1
((Bi) cno) = t for all 1 � i � m

and valbbI (: (Fj) cno) = t for all 1 � j � n. It follows that o[m!! v] c
value 2

CC P;bI ( bS� � 1 ) � T P;bI ( bS� � 1 ) = bS� , by De�nitions 7.2.4and 7.2.6.

(8) valcandidate(c; m; o) 2 Swf
�
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By De�nition 11.1.2, valcandidate(c; m; o) must be derived via a trailer
rule in ground(Pwf ). It follows that isa(o; c) 2 Swf

� � 1, locmvd(c; m; v) 2
Swf

� � 1, c 6= o, and overr ide(c; m; o) =2 Iwf , by De�nition 11.1.2. So o: c 2
bS� � 1 and c[m!! v] c

local 2 bS� � 1 , by the induction hypothesis. More-
over, ov(c; m; o) =2 IB P(bI ), since Iwf is isomorphic to bI . It follows that
c[m] v; o 2 IC c

P;bI
( bS� � 1 ) � T P;bI ( bS� � 1 ) = bS� , by De�nitions 7.2.5and 7.2.6.

(9) codcandidate(c; m; o) 2 Swf
�

By De�nition 11.1.2,codcandidate(c; m; o) must be derived via a trailer rule
in ground(Pwf ). It follows that isa(o; c) 2 Swf

� � 1, coddef(c; m) 2 Swf
� � 1, c 6= o,

and overr ide(c; m; o) =2 Iwf , by De�nition 11.1.2. So o: c 2 bS� � 1 by the
induction hypothesis, and ov(c; m; o) =2 IB P(bI ), becauseIwf is isomorphic
to bI . Moreover, sincecoddef(c; m) 2 Swf

� � 1, therefore there is a C-rule in P
which speci�es the instance method m for the classc, according to De�ni-
tion 11.1.2. It follows that c[m] c; o 2 IC c

P;bI
( bS� � 1 ) � T P;bI ( bS� � 1 ) = bS� , by

De�nitions 7.2.5and 7.2.6.

I I. (
First construct an extended atom set bK from Jwf as follows: generate one

o: c in bK for every isa(o; c) in Jwf , one s:: c in bK for every sub(s; c) in Jwf , one
s[m!! v] s

local in bK for every locmvd(s; m; v) in Jwf , oneo[m!! v] c
value in bK for every

valinhmv d(o; m; v; c) in Jwf , one o[m!! v] c
code in bK for every codinhmvd(o; m; v; c)

in Jwf , one c[m] v; o in bK for every valcandidate(c; m; o) in Jwf , and one c[m] c; o
in bK for every codcandidate(c; m; o) in Jwf . Clearly, to prove that the conditions are
true, it su�ces to show that bK � bJ .

We will show that T P;bI ( bK ) � bK . Thus bK � bJ by Proposition 4.1.2, because
bJ = lfp(T P;bI ). Recall that by De�nitions 7.2.6and 7.2.5,

T P;bI ( bK ) = V CP;bI ( bK ) [ CC P;bI ( bK ) [ IC t ( bK ) [ IC c
P;bI

( bK ) [ IC i
P;bI

( bK )

Let A be any atom in T P;bI ( bK ). Considerthe following cases:

(1) A 2 V CP;bI ( bK )

Then there is a V-rule R � H  C1; : : : ; Cm; : G1; : : : ; : Gn in ground(P),
such that H matchesA, Ci (1 � i � m) and Gj (1 � j � n) arepositive literals,
valbbK (Ci) = t for all 1 � i � m and valbbI (: Gj) = t for all 1 � j � n. Consider
the rewriting Rwf of R, � h(H)  � b(C1); : : : ; � b(Cm); : � b(G1); : : : ; : � b(Gn).
First we will show that � b(Ci) 2 Jwf for all 1 � i � m: (i) If Ci = o: c, then
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� b(Ci) = isa(o; c). SincevalbbK (o: c) = t , it follows that o: c 2 bK by De�ni-
tion 5.3.1. Therefore, isa(o; c) 2 Jwf , by the construction of bK ; (ii) Sim-
ilarly, we can show that Ci = s:: c, then � b(Ci) = sub(s; c) 2 Jwf ; (iii) If
Ci = s[m!! v], then � b(Ci) = mvd(s; m; v). SincevalbbK (s[m!! v]) = t , it fol-
lows that s[m!! v] s

local 2 bK , or there exists c such that s[m!! v] c
value 2 bK

or s[m!! v] c
code 2 bK . So locmvd(s; m; v) 2 Jwf , or there exists c such that

valinhmv d(s; m; v; c) 2 Jwf or codinhmvd(s; m; v; c) 2 Jwf , by the construc-
tion of bK . BecauseJwf = CPwf ;Iwf (Jwf ), thereforemvd(s; m; v) 2 Jwf , accord-
ing to the trailer rules in De�nition 11.1.2.

By Lemma 11.2.2,� b(Gj) =2 Iwf for all 1 � j � n. So � h(H) 2 CPwf ;Iwf (Jwf ) =
Jwf , by De�nition 4.2.5. It follows that: (i) If A = o: c, then H = o: c. So
� h(H) = isa(o; c) 2 Jwf , thus o: c 2 bK ; (ii) Similarly, if A = s:: c, then
s:: c 2 bK ; (iii) If A = s[m!! v] s

local, then H = s[m!! v]. So � h(H) =
locmvd(s; m; v) 2 Jwf , thus s[m!! v] s

local 2 bK .

(2) A 2 CC P;bI ( bK )

Then A = o[m!! v] c
code. It follows that c[m] c; o 2 bK , lc(o; c) =2

IB P(bI ), mc(c; m; o) =2 IB P(bI ), and there is a C-rule R in ground(P),
R � code c[m!! v]  C1; : : : ; Cm; : G1; : : : ; : Gn, such that Ci (1 � i � m)
and Gj (1 � j � n) are positive literals, valbbK ((Ci) cno) = t for all 1 � i � m
and valbbI (: (Gj) cno) = t for all 1 � j � n. Consider the rewriting Rwf

of R, Rwf � codmvd(o; m; v; c)  � b(B1); : : : ; � b(Bm); : � b(F1); : : : ; : � b(Fn),
where Bi = (Ci) cno for all 1 � i � m and Fj = (Gj) cno for all 1 � j � n. Sim-
ilarly to (1), we can also show that � b(Bi) 2 Jwf for all 1 � i � m. By
Lemma 11.2.2, � b(Fj) =2 Iwf for all 1 � j � n. So codmvd(o; m; v; c) 2
CPwf ;Iwf (Jwf ) = Jwf , by De�nition 4.2.5.

Becausec[m] c; o 2 bK , therefore codcandidate(c; m; o) 2 Jwf , by the con-
struction of bK . Note that lc(o; c) =2 IB P(bI ) and mc(c; m; o) =2 IB P(bI ). Since
Iwf is isomorphicto bI , it follows that local(o; c) =2 Iwf and mul tipl e(c; m; o) =2
Iwf . So codinhmvd(o; m; v; c) 2 CPwf ;Iwf (Jwf ) = Jwf , accordingto the trailer
rules of Pwf and De�nition 4.2.5. It follows that o[m!! v] c

code 2 bK .

(3) A 2 IC t ( bK )

If A = o: c, then there exists x such that o: x 2 bK and x:: c 2 bK . So
isa(o; x) 2 Jwf and sub(x; c) 2 Jwf , by the construction of bK . It follows that
isa(o; c) 2 CPwf ;Iwf (Jwf ) = Jwf , by De�nition 4.2.5 and the trailer rules of
Pwf . Thus o: c 2 bK . Similarly, if A = s:: c, we canalsoshow that s:: c 2 bK .

(4) A 2 IC c
P;bI

( bK )
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If A = c[m] v; o, then o: c 2 bK , c 6= o, c[m!! v] c
local 2 bK , and ov(c; m; o) =2

bI , by De�nition 7.2.5. Because bK is constructed from Jwf and Iwf is iso-
morphic to bI , it follows that isa(o; c) 2 Jwf , locmvd(c; m; v) 2 Jwf , and
overr ide(c; m; o) =2 Iwf . So valcandidate(c; m; o) 2 CPwf ;Iwf (Jwf ) = Jwf , by
De�nition 4.2.5and the trailer rules of Pwf . Thus c[m] v; o 2 bK . Similarly,
if A = c[m] c; o, we can alsoshow that c[m] c; o 2 bK .

(5) A 2 IC i
P;bI

( bK )

Then A = o[m!! v] c
value, and c[m] v; o 2 bK , c[m!! v] c

local 2 bK , lc(o; m) =2
bI , mc(c; m; o) =2 bI , by De�nition 7.2.5. Because bK is constructed from
Jwf , and Iwf is isomorphic to bI , it follows that valcandidate(c; m; o) 2 Jwf ,
locmvd(c; m; v) 2 Jwf , local(o; m) =2 Iwf , mul tipl e(c; m; o) =2 Iwf . Soby De�ni-
tion 4.2.5and the trailer rulesof Pwf , valinhmv d(o; m; v; c) 2 CPwf ;Iwf (Jwf ) =
Jwf . Thus o[m!! v] c

value 2 bK .

Finally, to �nish the proof that Jwf is isomorphicto bJ , we still needto show that
the following conditions are true:

(1) for all o; m: local(o; m) 2 Jwf i� lc(o; m) 2 IB P( bJ )

(2) for all c; m; o: mul tipl e(c; m; o) 2 Jwf i� mc(c; m; o) 2 IB P( bJ )

(3) for all c; m; o: overr ide(c; m; o) 2 Jwf i� ov(c; m; o) 2 IB P( bJ )

Note that local=2, mul tipl e=3, and overr ide=3 canonly bederivedvia the trailer rules
asde�ned in De�nition 11.1.2.Moreover, Jwf = CPwf ;Iwf (Jwf ). It followsthat:

(1) local(o; m) 2 Jwf , i� there exists v such that locmvd(o; m; v) 2 Jwf , i� there
exits v such that o[m!! v] o

local 2 bJ , i� lc(o; m) 2 IB P( bJ ).

(2) mul tipl e(c; m; o) 2 Jwf , i� thereexistsx 6= c such that valcandidate(x; m; o) 2
Jwf or codcandidate(x; m; o) 2 Jwf , i� there existsx 6= c such that x[m] v; o 2
bJ or x[m] c; o 2 bJ , i� mc(c; m; o) 2 IB P( bJ ).

(3) overr ide(c; m; o) 2 Jwf , i� there is x, such that x 6= c, x 6= o, sub(x; c) 2
Jwf , isa(o; x) 2 Jwf , and there is v such that locmvd(x; m; v) 2 Jwf or
coddef(x; m) 2 Jwf , i� there is x such that x 6= c, x 6= o, x :: c 2 bJ , o: x 2 bJ ,
and there is v such that x[m!! v] x

local 2 bJ or there is a C-rule in P which
speci�es the instancemethod m for the classc, i� ov(c; m; o) 2 IB P( bJ ).

2

Before we �nally show the main theorem of this section, we need to introduce
notations to represent the intermediate results during the computation of the well-
foundedmodel of a given program.
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De�nition 11.2.3 Given the well-founded rewriting Pwf of an F-logic program P,
de�ne:

Twf
0 = ; Uwf

0 = SPwf (T wf
0 ) for limit ordinal 0

Twf
� = SPwf (Uwf

� � 1) Uwf
� = SPwf (T wf

� ) for successorordinal �

Twf
� =

[

� <�

Twf
� Uwf

� = SPwf (T wf
� ) for limit ordinal � 6= 0

Twf
1 =

[

�

Twf
� Uwf

1 = SPwf (T wf
1 )

Lemma 11.2.4 Let � range over all ordinals, then Twf
� , Twf

1 , Uwf
� , and Uwf

1 are all
in normal form.

Pro of.

First we show by trans�nite induction that Twf
� is in normal form for any ordinal

� . The caseis trivial for limit ordinal 0. If � is a successorordinal, then T wf
� =

SPwf (Uwf
� � 1) = lfp(CPwf ;Uwf

� � 1
). It follows that Twf

� is in normal form, by Lemma11.2.1.

Now suppose� 6= 0 is a limit ordinal. Then Twf
� =

S
� <� Twf

� . By De�nition 11.2.2,we
needto show that for all o; m; v: mvd(o; m; v) 2 T wf

� i� locmvd(o; m; v) 2 Twf
� , or there

is c such that valinhmv d(o; m; v; c) 2 Twf
� or codinhmvd(o; m; v; c) 2 Twf

� .

(1) )
If mvd(o; m; v) 2 Twf

� , then there exists � < � such that mvd(o; m; v) 2 T wf
� .

Twf
� is in normal form by the induction hypothesis. Thus locmvd(o; m; v) 2

Twf
� � Twf

� , or there is c such that valinhmv d(o; m; v; c) 2 T wf
� � Twf

� or
codinhmvd(o; m; v; c) 2 Twf

� � Twf
� .

(2) (
If locmvd(o; m; v) 2 Twf

� , then there exists � < � such that locmvd(o; m; v) 2
Twf

� . It followsthat mvd(o; m; v) 2 Twf
� � Twf

� , sinceTwf
� is in normal form by

the induction hypothesis.On the other hand, if there existsexistsc such that
valinhmv d(o; m; v; c) 2 Twf

� or valinhmv d(o; m; v; c) 2 Twf
� , then there exists


 < � such that valinhmv d(o; m; v; c) 2 Twf

 or codinhmvd(o; m; v; c) 2 Twf


 .
It follows that mvd(o; m; v; c) 2 Twf


 � Twf
� , sinceTwf


 is in normal form by
the induction hypothesis.

Similarly, we canalsoprove that Twf
1 is in normal form. Moreover, for any ordinal

� , Uwf
� = SPwf (T wf

� ) = lfp(CPwf ;T wf
�

). It follows that Uwf
� is in normal form, by

Lemma 11.2.1. Similarly, we can alsoshow Uwf
1 is in normal form.

2
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Theorem 11.2.5 Given the well-foundedrewriting Pwf of an F-logic programP, the
well-foundedmodel of Pwf is isomorphic to the optimistic object model of P.

Pro of.

Let M wf = hTwf ; Uwf i be the well-founded model of Pwf . Then by Proposi-
tion 4.2.4, Twf = Twf

1 and Uwf = Uwf
1 � Twf

1 . Let M = hT; U i be the optimistic
object model of P. Then by Lemma9.1.2,T = � ( bT1 ) and U = � ( bU1 � bT1 ). There-
fore, by De�nition 11.2.1,to show that M wf is isomorphic to M , it su�ces to show
that Twf

1 is isomorphic to bT1 and Uwf
1 is isomorphic to bU1 .

First note that Twf
� andUwf

� arein normal form for any ordinal � , by Lemma11.2.4.
Now we will prove by trans�nite induction that T wf

� is isomorphic to bT � and Uwf
� is

isomorphic to bU� , for any ordinal � .

(1) If � = 0, then Twf
0 is isomorphic to bT0, since Twf

0 = ; and bT0 = ; .
Uwf

0 = SPwf (T wf
0 ) = lfp(CPwf ;T wf

0
), by De�nitions 11.2.3 and 4.2.6, and

bU0 = 	 P(bT0) = lfp(T P;bT 0
), by De�nitions 9.1.2 and 7.2.7. It follows that

Uwf
0 is isomorphic to bU0, by Proposition 11.2.3.

(2) If � is a successorordinal, then Twf
� = SPwf (Uwf

� � 1) = lfp(CPwf ;Uwf
� � 1

), by

De�nitions 11.2.3and 4.2.6, and bT � = 	 P( bU� � 1) = lfp(T P;bU � � 1
), by De�ni-

tions 9.1.2and 7.2.7. Moreover, Uwf
� � 1 is isomorphicto bU� � 1 by the induction

hypothesis. It follows that Uwf
� is isomorphic to bU� , by Proposition 11.2.3.

Similarly to (1), we can alsoshow that Uwf
� is isomorphic to bU� .

(3) If � 6= 0 is a limit ordinal, then Twf
� =

S
� <� Twf

� and bT � =
S

� <�
bT � . Clearly,

Twf
� is isomorphic to bT � , becauseTwf

� is isomorphic to bT � for all � < � ,
by the induction hypothesis. Similarly to (1), we can also show that Uwf

� is
isomorphic to bU� .

Note that Twf
1 =

S
� Twf

� and bT1 =
S

�
bT � . Therefore, it follows that Twf

1

is isomorphic to bT1 , becauseTwf
� is isomorphic to bT � , for any ordinal � . More-

over, Uwf
1 = SPwf (T wf

1 ) = lfp(CPwf ;T wf
1

), by De�nitions 11.2.3and 4.2.6, and bU1 =

	 P(bT1 ) = lfp(T P;bT 1
), by De�nitions 9.1.2and 7.2.7. Thus Uwf

1 is isomorphicto bU1 ,
by Proposition 11.2.3.
2
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11.3 Data Complexit y

In general, the optimistic object model of an F-logic program is not necessarilyre-
cursively enumerable. However, for function-free F-logic programs, the Herbrand
universeis �nite and thus the optimistic object model can be e�ectiv ely constructed.
In this sectionwe discussdata complexity for such programs.

In this dissertationweconsideronly a subsetof F-logic, which contains three kinds
of atoms: o: c, s:: c, and s[m!! v]. Any ground atomic query must have oneof these
three forms, whereo; c; s; m; v are constants.

As for Datalog programs,we can divide any F-logic program, P, into two disjoint
parts: an intentional database(IDB), PR, which consistsof all rules in P and no
facts, and an extensional database(EDB), PF , which contains only the facts in P.
We can think of PR as a function that maps any EDB, PF , to the optimistic object
model of the combined F-logic programPR [ PF . Following [57], wehave the following
de�nition of data complexity.

De�nition 11.3.1 (Data Complexit y) Given an IDB PR and an EDB PF , the
data complexity of PR is de�ned as the computational complexity of deciding the
truth value of any ground atomic query in the optimistic object model of PR [ PF , as
a function of the sizeof PF .

Given an F-logic program P = PR [ PF and its well-founded rewriting Pwf , let
Pwf

R be the IDB of Pwf , and Pwf
F be the EDB of Pwf . By De�nitions 11.1.1and 11.1.2,

Pwf
R consistsof the trailer rules shown in Figure 12 plus the rewritings of all rules in

PR. The EDB Pwf
F consistsof the rewritings of all facts in PF . Becausethe rewriting

of an F-logic rule is linear and the sizeof the trailer is a constant, the sizeof Pwf
R is

linear in the sizeof PR and the sizeof Pwf
F is also linear in the sizeof PF .

By Theorem11.2.5,the well-foundedmodel of Pwf is isomorphicto the optimistic
object model of P. Therefore, the data complexity of the optimistic object model
semantics reducesto the data complexity of the well-foundedsemantics.

Becausethe rewriting does not introduce new function symbols, the rewriting
of a function-free F-logic program is a function-free Datalog program. Since data
complexity of the well-founded semantics for function-free programs is polynomial
time [18], we have the following corollary.

Corollary 11.3.1 The data complexity of the optimistic object model semantics for
function-free F-logic programsis polynomial time.
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Conclusion and Future Work

We have developed a comprehensive model theory for nonmonotonicmultiple value
and code inheritance for general,unrestricted object-oriented knowledgebases.Our
newinheritancesemantics supports implicit inferenceby inheritanceaswell asexplicit
deductionvia rules. Inferenceby inheritancesupports a multitude of features,such as
overriding, nonmonotonic multiple value and code inheritance, meta programming,
and dynamic class hierarchies | the important features that are fundamental to
advancedobject-oriented knowledgemanagement.

12.1 Con tributions

Here we summarizeour contributions in this work:

(1) In the setting of three-valued models, we formalize the notions of locality,
context, and inheritance candidacy, and formally de�ne the inheritance pos-
tulates that capture the common intuition behind overriding and con
ict
resolution in nonmonotonicmultiple value and code inheritance. Thesepos-
tulates specify the minimum requirements for an object model of a program.

(2) We specify an extendedalternating �xp oint procedurewhich can be usedto
computeobject models for F-logic programs.

(3) We de�ne stable object models which satisfy a certain computational prop-
erty of the alternating �xp oint procedurethat we introduce. Moreover, we
formally provethat stableobject modelssatisfyall the inheritancepostulates.

(4) Wede�ne a uniqueobject model, calledoptimistic object model, for any given
F-logic program. We prove three di�eren t characterizationsof the optimistic
object model semantics: the optimistic object model is the least �xp oint of
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the extendedalternating �xp oint computation; it is the least stable object
modelswith respect to information ordering;and it is a minimal object model
with respect to truth ordering.

(5) We proposea linear-time rewriting algorithm which translates F-logic pro-
grams to a certain kind of general logic programs, and formally prove the
isomorphismbetweenthe well-foundedmodel of the rewritten program and
the optimistic object model of the original F-logic program.

(6) Our new inheritance semantics has been implemented in the Flora-2 sys-
tem [59], which incorporates F-logic, HiLog, and Transaction Logic into a
single,coherent logic language.

To the best of our knowledge,the optimistic object model semantics is currently
the only model-theoretic semantics for nonmonotonicmultiple value and code inher-
itance that appliesto general,unrestricted object-oriented knowledgebases.

12.2 Future Work

Our formalization of value and code inheritance de�nes the conceptsof locality, con-
text, inheritancecandidacy, and introducesthe inheritancepostulates. Thesenotions
have implications beyond the semantics and implementation of inheritance. In par-
ticular, this setsthe foundation for a framework in which various inheritancepolicies
can be de�ned programmatically.

The overriding semantics in our newmodel theory canbe termed asmost-speci�c-
de�nition-based overriding [25], which is commonlyusedin AI systems.However, we
do not claim that this is the only useful inheritance semantics in object-oriented
knowledgebases. It has been argued that no single inheritance policy can suit all
needs. Indeed, someadvanced applications require a variety of overriding and in-
heritance semantics. For instance, path-basedoverriding [25] is widely used in the
research on discretionary accesscontrol; in
ating inheritance [28] and null inheri-
tance [28] are usedfor multilevel security in databases[27]. The di�erence between
most-speci�c-de�nition-based and path-basedoverriding can be seenin the following
example.

Example 12.2.1 Considerthe program in Figure 13 which contains facts only. Ac-
cording to the optimistic object model semantics, c4[m] is not a value inheritance
candidatefor c1, becauseit is overriddenby a morespeci�c inheritancecontext, c3[m],
of c1. Sowe can derive c1[m!! a] but not c1[m!! b]. We can seethat most-speci�c-
de�nition-based overriding only takes into account classmembershipsand subclass
relationships. On the other hand, path-basedoverriding factors in topologiesof class
hierarchies. In the program, the classc1 has two distinct inheritance paths to c4:
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c1 ! c2 ! c4 and c1 ! c3 ! c4. Although c4[m] is overridden by c3[m] along the
path c1 ! c3 ! c4, it is not overridden along the path c1 ! c2 ! c4. Therefore,ac-
cording to the path-basedsemantics, we could derive c1[m!! b] and c1[m!! a] by
inheritance along the two paths, c1 ! c2 ! c4 and c1 ! c3 ! c4, respectively. 2

c1

c2 c3[m->>a]

c4[m->>b]

c1 : c2.
c1 : c3.
c2 :: c4.
c3 :: c4.
c3[m!! a].
c4[m!! b].

Figure 13: Most-Speci�c-De�nition-Based and Path-BasedOverriding

Example 12.2.2 We use the program in Figure 13 to illustrate the idea of pro-
grammable inheritance. As we have explained in Example 12.2.1,under the most-
speci�c-de�nition-based overriding semantics, this program yields c1[m!! a] but not
c1[m!! b]. In contrast, we can derive both using path-basedoverriding.

How can one specify path-basedinheritance for the classc1 programmatically?
Generally, we can think of path-basedinheritance as inheritance directly via imme-
diate superclassesof a given object. For instance, in Figure 13, c2 and c3 are both
immediate superclassesof c1, whereasc4 is not.

The �rst step is to introducenew syntax1 to represent immediate classmember-
ships. To this end, we introducenew atoms of the form, ojj c, to denotethat c is an
immediate superclassof o (conversely, o is an immediate member of c). Second,we
needto distinguish rules intended for customizing inheritance semantics from rules
for specifying classand object methods. The system will use the inheritance rules
only when the needfor customizedinheritancearises.For this purpose,we introduce
a special keyword, inh, to mark the rules for programmableinheritance.

With thesenew languageconstructs, we can program path-basedinheritance for
the classc1 as follows.

inh c1[m!! V]  c1 jj X, X[m!! V].

Given the program in Figure 13 and provided that the systemrecognizesthis rule to
compute inheritance for c1, we can derive both c1[m!! a] and c1[m!! b] (assuming
that c2 also inherits m!! b from c4). 2

1The original F-logic and the current Flora-2 query languagedo not have syntax constructs to
represent immediate classmemberships.
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Somepapers in the literature discussideason how to customizeinheritance se-
mantics. However, most of them proposeonly ad hoc syntax and do not attempt to
develop a generalframework for expressingdi�eren t inheritance semantics.

The work of Dobbie and Topor [14] restricts the syntax of queriesto designate
the sourceof inheritance, so that at compile time multiple inheritance con
icts can
be detectedby checking certain syntactic conditions. This is similar to the approach
taken in C++ . However, the specialsyntax only aimsat resolvingmultiple inheritance
con
icts, but not at de�ning di�eren t inheritance semantics.

Jamil and Lakshmanan [29] introduce meta syntax in their query languageto
expresswithdrawal of inheritance, which enablesdeclaring inheritance to be prohib-
ited from a superclassor by a subclass. Although the scenarioconsideredin [29] is
moregeneralthan [14], their work is still primarily concernedwith resolvingmultiple
inheritance con
icts.

In [28], Jamil developsa proof theory for the socalled parametric inheritance. In
his framework, rules are marked with two parametersrepresenting di�eren t inheri-
tance types (such as override and in
ate) and di�eren t inheritance modes (such as
value, code, and null), respectively, so that userscan parameterize| but not pro-
gram | propagation of inheritance. However, parametric inheritance is still an ad
hoc, complicated,and insu�cien tly generalmechanismfor specifyinga wide variety of
inheritancesemantics. For example,it doesnot support withdrawal of inheritanceas
proposedin [29]. Becausethe way inheritanceis controlled is tightly coupledwith the
corequery languagesyntax, the proof theory can not account for nonmonotonicmul-
tiple inheritance. Moreover, it is not clear how to changethe inheritance semantics
for a classwithout even a�ecting its superclasses.

Jajodia et al. [25] proposea logic-basedlanguagethat o�ers 
exibilit y in spec-
ifying various accesscontrol policies in databasesecurity. It utilizes di�eren t inher-
itance semantics as convenient ways of propagating authorizations among subjects
and objects that areorganizedin classhierarchies. However, their languageis crafted
speci�cally for accesscontrol. It is too generalon one hand and insu�cien t on the
other. In particular, it doesnot support many important featuresof object-oriented
languages,such asvalueand codeinheritance. More importantly, no formal semantics
for inheritance is attached to their proposedframework.

As we have seen,although the importance of the issue of programmability in
customizing inheritance semantics has been recognized,it has not been very well
studied in the literature. It is not enoughto just extend inheritance semantics by
enumeratinga limited number of scenarioslike[28] or [25], sincethe semantics suitable
for di�eren t applications can be very diverse. Therefore, it is desirableto develop a
generalmechanism with which userscan program the desirede�ects of inheritance.
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