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Abstract

A new way of handling the equality relation within the framework of
a resolution theorem prover is described. The system uses a modification
of Morris' E-resolution, a rule of inference to handle equality, controlled
by heuristic tree search techniques. The modification makes possible an

implementation to which new rules of inference may be added easily,
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A Heuristically Guided Equality Rule

In a Resolution Theorem Prover

by

ClauderBrice
Jan Derksen

I INTRODUCTION

The equality relation is widely used but difficult to axiomatize
efficiently, We describe a new way of handling this relation within
the framework of a resolution theorem prover. The system uses a modi-
fication of Morris' E-resolution, a rule of inference to handle equality,
contolled by heuristic tree search techniques. The modification makes
possible an implementation to which new rules of inference may be added
easily.

Each time the resolution theorem prover makes an attempt to resolve
two clauses, but cannot unify a pair of literals, the "equality tree"
generator is called. A tree of clauses is built by substituting equal
terms in one of the literals, until unification is possible. The growth
of the equality tree is controlled by bounds on the processing time, the
breadth and depth of the tree, and a ''reluctance” function. The reluctance
function associates a cost with each node of the tree and selects nodes
for expanding with minimal cost. The function is a linear combination of
several 'features.," Some of the features are the probability that the
literals will unify, the length of the literals, the number of constants
the literals have in common, and the length of the clauses in which the

literals occur,



Sectlion II gives information on terminology, theoretical back-
ground and completeness results for E-resolution and variants. Section
III describes the heuristic machinery of the system. It includes also
descriptions of the "equality tree" and the search strategies used to
find a path from the root to the goal node of the tree., Four sample
proofs are given in Section IV.

I1 E-RESOLUTION

It is assumed that the reader is familiar with the standard
notation and terminoleogy used in 1literature on resolution.* Among
other methods for dealing with equality, paramodulation is relevant
as E-resolution can be shown to be definable in terms of paramodulation
with resolutionl*. Therefore, let us.recall briefly -the definition of

.paramodulation.

Paramodulation--This is a rule of inference that, given two

clauses: A

and x=8vB (orB=aovB ,

having no variables in common and such that A contains a term 6, with
5 and o having a most-general unifier g, forms A’ by replacing in A
o a

one single occurrence of 60 by BG and infers A’ V %3‘

Example: gziven - -tho folawiimy bxeoe. ndbaisec:

c=dV ac
f(e) # £(d)
X =x ,

letting A correspond with f(c¢) # f(d), B with éc, & = B with ¢ = d, and § with

*
References are listed at the end of this paper.
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d in A’, then one can deduce by paramodulation the clause
f(c) # £(c) V Qe
:and, by resolution, the clause ac.

Thus, intuitively, paramodulation provides a way to make use of

the substitutivity property of equality. The reflexivity property does

not, in E-resolution, require special axioms, and if ¢ and 6§ have no
most-general unifier, the program tries to find one for B and § (with
the same definition for ¢, & and B as in the paramodulation definition).
Each clause may generate many distinct paramodulators. One can define,
following Ref. 1, the descendants of a clause C from a set §

obtained by paramodulating into the literal £ of C, in the following
manner :

Pp(s,c,ﬂ)

{cl,

1
P(S,C,4) the set of descendants obtained from C,

and by induction:

Pk(S,C,L) the set of descendants obtained by paramodulat-
. : k-1 .
ing from the clauses of P (8,C,4) into the

literal 4.

A, E-Reso]lution Defined

Using the preliminary definition above, one can define

E-resolution as follows:

[=»]
let P (S,C,£) be the union of the Pk(S,C,L) for the different

values of K. C3 is an E-resolvent of two clauses Cl and C2 iff there
!

==}
exist a descendant clause C; from P (S,Cl,Ll) and a descendant clause



o /
¢! from P (S,CZ,EZ) such that C_ is a resolvent of C1 and Cé and the

2 3
literals resolved upon in Ci and Cé are those descended from 21 and

22, respectively.
The intuitive idea behind these concepts is to be able to
deal with the transitive property of egquality. The two clauses C1 and

Cz generate two trees of descendant clauses, awd a path in ciee of thesge

trees can be built by a chain of equalities and substitutions, This
definition is of little help for programming purposes because of the
necessity of developing two trees of paramodulants. 1t can be shown
that a similar definition, but using only one tree, is equivalent.
This definition is given helow:

C, is an E-regolvent of two clauses C. and C2 iff there exists

3 1

I et . !
t C
Cl from P (S,Cl,ﬂl) such that 03 is a resclvent of C1 and o and

the literal resolved upon in Ci is El or the descendant of El.
This way of implementing E-resolution differs from the one used in

Ref, 3, but is closer to the formal definition of E-resolution
given by Anderson,

B. Completeness for Ground E-Resolution

To show that this modified definition of E-resolution is

complete, we will show that it is complete for ground E-resclution and

following Ref., 1, 1ift this result to the general level., Using

the terminology of the first definition of E-resclution, let C3 be a

/ / ! !
resolvent of the two clauses Cl and Cz. Let us denote Cl by {zl} U Li

and Cé by {ﬂé} U L/, where Li and Lé are the sets of literals from C{ and

Cé not deleted by the resolution. CS is therefore expressed by Li U Lé



and, since we have performed ground resolution, L{ and Lé are complements .,
By applying in reverse order to the literal Li of the clause Ci, the chain

of equality replacements that took place to generate f/, we can generate

the clause C. = {4”} UL”, where f/ =~ 4_. C” can then resolve against C
1 1 1 1 2 & 2

and as we apply the same chain of paramodulations, the resolvent is CS'

It is shown in Ref. 1 that E~resclution, expressed here in terms of
resclution and paramodulation, is complete with or without set of support,
under the same condition as paramodulation: If the reflexivity axionm

(FA{(x) x = x) {(in which FA(x) stands for (Vx)) is present and all reflec-

tivity functional axioms (FA(x,y)(x =y D f£(x) = £(y))» are also present.

C. Comments on E~Resclution

If E-~resolution can be expressed in terms of paramodulation
and resolution, one might wonder to what extent it is a useful technique.
In contrast with paramodulation, E-resolution limits the number
of clauses on which a theorem prover works. This is an important advan-
tage because the strategies used to select clauses that are resclved
upon are not very suceessful when the number of clauses increases, The
reason is that in E-resolution a clause is added to the set of clauses
of the system only if a resolvent is found, while in paramodulation
the clauses that would be on the intermediate nodes ¢f the I-resolution
tree would be added. However, two clauses niay yield more than one
resolvent, and E-resolution is complete only if from two clauses
one can generate all the possible distinct E-resolvents., 7To generate

all the E-resolvents from two clauses C, and C one would have to grow

1 27

(=] o
from C; or C, a tree P (S,Cl,Ll) or P (S,Cz,ﬂz) until all the possible



distinct paramodulants of C1 or 02 into El or £2 have been found. In
practice, these trees are almost never generated entirely. They could
sometimes be infinite trees and, at any rate, the expansion of these
trees is time consuming. Furthermore, in most cases.not all the E-
resolvents of +two clauses are needed to obtain a proof. Instead, as

in Ref. 3, one might use a tree-level bound on the depth of the
E-resolution tree., This bound limits the number of nodes to be generated,

and it is increased progressively until a proof is found. Of course,

then some procedure to save the partially‘ekpanq¢threes of para-

modulated clauses should be implemented. If a proof is not found, the
tree-level bound is incremented and the search can continue using the
saved trees. This tree-level bound serves also the purpose of limit-

ing the search when it happens that two clauses have no E-resolvents.

To further 1limit the search, Morris's E-resolution program3 was activated

only if the two literals £  and ‘%ZOf two clauses C. and C_, did not

1 1 2

unify. Although this limitation seems fairly natural, it made the

system incomplete, as was shown by Andersonﬂ using the following set of alauses:

W Pf(x)g(Y) M J‘)h(x)i(y)
@ AJPf(a)g(b)

) ™ Phnyi(p

(1) f(a) = f(ec) .

(5) h(e) = h(b)

The only possible resolvents obtained, if E-resolution is called only

iff two literals do not unify, are:



Pr(a)iw)

and
Pe(b)g(b)

However, by using the general E-resolution, cne can generate the nil

clause:
(6) Ph(c)i(b) E-resolvent from (1) and (2) obtained by
paramodulation of (1) using (4)
{7) m=nil E-resolvent from (6) and (3) obtained by

paramodulation inte (6) using (5)

D. The EQA3 E-Resolution System

The E-resolution program EQA3 was designed to be a package
that could be added to QAS.Z QA3 is a question-answering system based
on the resolution principle, and it uses the set-of-support and unit-
preference strategy. EQA3 does not differ in principle from the system
described in Ref. 4 but actually suffers from its implementation
in a theorem-proving system whose conception and structure do not lend
themselves to improvement and refinement. However, QA3 will probably be
rewritten or replaced by a more flexible theqrem prover. With this
purpose in mind, we have tried to keep EQA3 as general as possible.
The descendant tree generator, which is the core of the system, could
eventually be used to generate any type of clause that could be inferred
using a rule other than paramodulation, For example, to express
that the predicate P(x,y,z) is such that the order im which its arguments
appear is irrelevant, one can use the tree generator with a rule of
inference consisting of a permutation of the arguments. Special permuta-

tions such as cyclic permutation can be used. For example, when the



.orientation of a line is irrelevant, one wants to express taat 1. e two

predicates LINE(A,B) and LINE(B,A) have the same truth value. A
predicate may have only a few ground instances. A model for this predi-
cate could then be the list of the ground instances for which the
predicate is true. Each clause containing a model evaluable predicate
can be resolved against or subsumed by a model unit clause,.

One can imagine that the tree generator could select,
depending on the problem, different rules of inference to produce
descendant clauses. The selection can be simply as in E~resolution,

e.g., the failure of rule 1 (resolution) implies the use of rule 2
(E~resolution). Another possibility is that each predicate has a property
list that tells what rule of inference has to be used.

In its actual implementation, EQA3 makes use of an evaluation
function or reluctance function to select the next node to be expanded.
The system actually uses only paramodulation to infer new nodes in the
tree. Not all the descendants of clauses obtained by paramodulation
into a literal are generated. Some of them would be of no use in trying
to get an E~resolvent. The substitution takes place only in the terms
of the literal or descendant cf the literal when the unification algorithm
fails. Thus, this implementation suffers from the same incompleteness
as Morris's system (see Section II-C), but this. limitation has no practical

consequences. The reflexivity axiom X = X does not have to be added as
an axiom to the set of clauses, It is "puilt into" the system and used

to resclve against inequality literals.



Each clause containing an equality literal is collected on a
list of equalities (EQLIST). This 1list is ordered by length of clause.
Thus equalities belonging to shortest clauses will be tried first for
possible application of the E-resolution rule. This was done in an
effort to keep the length of the eventual E-rescolvent to a minimum
(ef. unit preference strategy).

The next section describes the structure of the tree generator

and the reluctance function in more detail.

III THE EQUALITY TREE

The essence of E-resolution is that each time two literals with
the same predicate but opposite sign do not unify, a special procedure
is invoked tc show these two terms to be equal using unknown equalities.
The special procedure generates a tree of modified clauses obtained by
substituting terms in the literal of the clauses until they unify, using

a list of positive equalities. This tree is called the "equality tree."

The procedure is a rather general one given:
(1) A start node, a string of symbols, e.g. p(a).
(2) A goal node, also a string of symbols, e.g. p(h).
(3) A list of equalities, e.g. (a=4¢, ¢ = b). We can
replace part of a string by ancther string known to
be its equal by a most—general common instance, and
form in this way other nodes (grow a tree), e.g., we
can form the nodes p(ec) and p(b); the last node is
equal to the goal node,
The procedure tries to find a path hetween the start and goal nodes. 1In

our example the path found is p(a), p(e), p(b). In our description



we showed only nodes consisting of single literals. In general, nodes
have more complex values (clauses), although the search is done for

specific literals in the start and goal clauses.

A. Search Procedures

Several difficulties arise if we want to implement such a

procedure:

(1) A path between two nodes does not have to exist;
in this case we should be able to end the search.
(2) Some branches of the tree must be recognized as
unsuccessful, and the search stopped in favor of
other hranches,
Because of such problems, we cannot use a ''depth-first" search technique
as we are unable to recover from a single wrong decision in an infinite
tree, e.g., we grow a branch from the node f(x) = e * x and repeatedly

apply the equality x = e * x, Then we get the branch

T(x) = e ¥ x
I(x) = e * e * x
f(x) = e * e ¥ e ¥ x

»

An alternative is a 'breadth-first" search; we avoid the difficulty
associated with infinite branches,but now we cannot use heuristic

information in deciding which branch to develop first,
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The method used in this system is search controlled by a
reluctance function. In this method we may think of a "frontier" of
those nodes whose successors have not been examined. This frontier is
extended by choosing any node in it and examining the node's successors.
The node chosen will be that which has the minimum value of some function
called a "reluctance function.”" It is easy to see that breadth-first
and depth-first search are special cases of this last search method.

B. How to Grow a Tree

Several factors have to be considered when growing a tree.
(1) Control of the size of the tree; there are bounds on:
® Breadth
® Depth

® Processing time spent working on this specific

problen .
(2) Successors or sons of the node. Not..all of the sons of
a node are developed at once because the number of sons
may be unreasonably large, for instance, when a long list
of equalities has to be used. Also, we may reach a goal
node without having to find all the successors.
(3} Some nodes are thrown away if associated cost values
are above a 'cutoff” criterion. 1In our system this
is a limiting of the length of the literal relative
to the length of the goal literal used. If the

global variable LIMIT LENGTH is set to four, then any node

with literals whose number of symbols (length) ‘is
four times the length of the goal literal will be

thrown away.
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(4) Order of the evaluation of the nodes, the reluctance
function: +the essential function is EVALCOST.
The tree-growing program is written in an elegant recursive
form as suggested by Burstall.5 The controlled search therefore could
be programmed in a manner very similar to depth-first search,

C. The Reluctance Function

Each time a node is to he selected for expanding, the candidates
are "open" nodes—-nodes that de not have their maximum number of sons
(limited by the breadth bound). The node selected is the one with
minimal associated cost. The reluctance function should have a minimal
value for the chosen node. The cost given by the reluctance function

1

"EVAICOST" is a combination of several "features.” A feature f jig g
function that measures some properties of a node. EVALCOST makes use

of the linear combination

C = lel + szz eee + Cnfn .

Of course, nonlinear combinations are possible, but for our system the
linear reluctance function is adequate.

D. Features Used in the Reluctance Function

The features are all functions of the string (literal)
associated with the node under investigation. The goal literal is
the string that is the ultimate goal of the tree search, The features
are:

(1) Length relative to the length of the goal literal

(2) Number of constants in common with the goal literal

(3) Number of function symbols in common with the goal literal

i2



(4) Degree of nesting relative to degree of nesting of the

geal literal

(5) Length of the clause of which the literal is an element

(6) Probability that the literal and the goal literal will unify.

E. Detailed Description of the Features

(1) Length: number of symbols in the string (literal)
including parentheses, e.g., (£(e)3) — 7.

(2) Number of constants: A list of comnstants occurring in
the literal is made and compared with the list of con~
stants occurring in the goal literal.

An integer expressing the number of shared constants is
computed. The algorithm gives, in this way, a maximal
value for literals with an egqual number of the same
constants, while lower values are obtained for a smaller

or larger shared number of constants,

(3) Number of function symbols: each substring of the form
' ({atom) {atom or list)' COntains the occurrence
of a function symbol, here, '{atom)'. The procedure
for the number of constants is reapplied, this time

with the two lists of function symbols.

13



(4) Degree of nesting: this feature is defined as T Kx’
where x is an element of the string under consideration;
x is not '('or")’; Kx is the number of bracket pgirs
enclosing x--e.g., "(g(f a)(e))' = 7.

(5) Length of clause: the literal associated with the node
is an element of a clause., The resolution system has a
built-in strategy with a preference for short clauses.
In the E-resolution part, tovo, nodes with long clauses
are penalized.

(6) Probability that the literal and the goal literal will
unify: mnormally if two literals do not unify, the uni-
fication algorithm fails and leaves us without informa-
tion on how "well” the unification was doing. If the
algorithm in this system fails, it reports the degree
to which the literals did match, The algorithm adds
® TFor each term that matches [1/number of terms ], the

weight of the term, to a running count
® Inside a term, for each subterm, [weight of the term/

number of subterms] to the running count,

The algorithm tries to unify the two literals and adds
each time that the unification succeeds on a subterm the
weight of the term or subterm of a term to the running count,
e.g. (P(f x)(a)), (P(g x)(a)) = 0.5

(P(£ x)(a)), (P(£y) 2z) =1

(P(£(a))x), (P(f(b))(a)) = 0.25 .

14



F., Performance of EVALCOST

Not much is known about the influence of the different features.
The sample runs are made with a setting in which the length of the literal,
and to a lesser degree the length of the clause of a node, determine the
expansion of the tree. The user will have to experiment which setting to
use for each problem. A semi-interactive use with tracing, printing and
checking of the growth of the tree seems the best approach.

G. Structure of the Tree

1. Structure of the Tree

The tree is built with atoms generated by GENSYM. Each
node has a property list with the following flags and information:

VALUE, the literal associated with the node

FATHER, a backpointer to the father node

SONS, a list of pointers to son nodes

EXPBY, a pair of pointers to the terms of the literal and

the equality, used in the substitution
TERMINAL, T if node is terminal, otherwise NIL

BOUND, dotted pair of current depth and breadth

(number of sons) (in this order)

COST, cost as computed by EVALCOST,

15



2. An Example of a S®all Tree

START ( (FATHER NIL) (SONS, (GH¢#1 GEEs2))
(TERMINAL NIL) (BOUND. (0.0)) (COST 10))

{ (FATHER START) (SONS. (GRQGE3))
(TERMINAL NIL) (BOUND. (1.2))

GEgE1 GEBa2

( (FATHER START)

(COST 9»
(SONS NIL) (TERMINAL NIL)
(BOUND, (1.2)X{COST 15)) GEgR3 ((FATHER G@@2) (SONS NIL)
(TERMINAIL, NIL) (BOUND, (2.1))
(COST 0)

Iv EXAMPLES OF RUNS

Three of the following examples come from elementary group theory.
'*'" denotes the binary group operator. E denotes the identity of the group and

INV denotes the inverse operator. One example is about the induction

proof for the synthesis of the reverse function. REV denotes the reverse

function, and AP, LIST, and €DR denote the LISP functions APPEND, LIST, and CDR.

For each proof that implied only one E-resolution, the penetrance--the

number of nodes developed on the path divided by the total number of nodes
developed in the tree--is given, In the sample runs the theorems to be
proven are preceded by TQ and the axioms by AX. Literals derived by E-

resolution from a part of the negation of the theorem are preceded by

NEG-THM.
Example 1 (See sample printout on page 18). The theorem
proven is: the identity element of a commutative group is
unique. The negation of the theorem is (el * x = x) &
el # e, or in prefix notation as used in the printouts:
= (*(E1,X)X) & # (E1,E). EQA3 generates a contradiction

by paramodulating into # (El1,E) and resolving against the

reflexivity axiom = (X,X). A measure of goal directedness

16



of the proof is the ratio of the length of the path and
the total number of nodes generated during the proof. This
measure is called penetrance. The penetrance in example 1

was 3/8.

Example 2 1In the proof shown on page 19 the group is restricted
such that for all elements X, (=(* X X)E). The theorem proven
is (Vx) x'x_l = e. Penetrance 8/22.

Example 3 Page 20 gives a sample printout for the proof of
the theoren (Vx)(Vy)(Vz)x'(y-(x—l-ynl)) = e, The penetrance
was extremely low, 7/104. It seems that the main reason for
such a bad performance was the great number of unproductive
paramodulants that were generated by using the commutativity
axiom (FA(X,Y)(=(* X Y)(* Y X))).

Example 4 In the sample printout on page 21, SK45,

SK46, and SK47 denote the constants that replace the univer-
sally guantified variables Y1, Y2, and X. As the system starts
from the negation of the theorem to find a contradiction, the
universal quantifiers of the theorem become existential quan-
tifiers and the variables are replaced by Skolem constants.

The instantiation of Y2%, not given by the system, is YZ2% =
AP(LIST(CAR(SK45)),5K46)) or for all Y1, Y2, and X the theorem

is true with Y2*% = AP(LIST(CAR(Y1),Y¥2)). Penetrance 3/5.

17



(RAS) |
EXECUTIVE M@DE

“AXCAX1 AX2)

AX1 CFA CX Y) €= (% X YY) Cx Y X)))

AXIEM

AX2  (FA ¢X) ¢= ¢k E X2 X))

AXIBM

“TQCIFCFACX) (= C% E1

1. NEG-THM 0.
2. NEG-THM 0.
3. NEG- THM 0.

CLAUSE 3. EQUAL.
2. NEG-THM 0.
CLAUSE 4. EQUAL.
5. NEG-THM 0.
QLAUSE 5. EQUAL.
6. AXIOM 0.
7. RES(S5. 6.3 1.

YES

X) X))¢= E1 EX)D
=CkCE1sX)sX)
-=(E1, E)

-z (k(EsE1)5 E)

—=(k(E1,E), E)

~=(E,E}

= (Xs %)

CANTRADICTION

Example 1

18



(0AS) .

EXECUTIVE M@DE
“RESET
AXCAX2 AX3 AX4 AXS)
AX2  (FA (X) €= (% E XD X))
AX1OM

AX3 (FA (X) €= (% X X) E))
AX1EM

BX4  (FA X ¢= ¢ X CINV X)) E)

AXIOM

AXS (FA CX Y Z) €= (% X Ck Y Z)) Ck (£ X YY) Z)))
AX T OM

«TOCFACXI(= X CINV X>))

1. NEG- THM 0.  -~=C(SK45, INVCSK45))

2. NEG- THM 0.  -=(SK45s%(Es INVC(SK45)))
CLAUSE 2. EQUAL.

3. NEG-THM 0.  ==(SK45,%(%(X>X)s INVCSK45)))
CLAUSE 3. EQUAL.

4s NEG- THM 0.  -=CSKA45,%(Ys%(Ys INVCSKA5))))
CLAUSE 4. EQUAL.

5. NEG-THM 0.  -=(SK&5s%(SK45, E))

CLAUSE 5. EQUAL.

6. NEG-THM 0.  ~=(SK45,%(SK45,%C(X>X)))
LAUSE 6. EQUAL.

7. NEG-THM Oe  ==(SK45,%(#(SK4557)»2))
CLAUSE 7. EQUAL.

8. NEG-THM 0.  ==CSK4S,%(Es SK45))

CLAUSE B. EQUAL.

9. NEG-THM 0.  -=(SK45,SK45)

CLAUSE 9. EOUAL.

10 AXIOM 0. =CXsX)

11.RESC9. 10.> 1. CONTRADICTIGN

YES Example 2



I
FXECUTIVE MODE

“RESET

“AX(AX1 AX2 AX4 A¥X5) o
BX1 CFA (X Y) €= € X ¥) €% Y ¥)))
AX10OM

AX2  (FA ¢X) (= ¢x E X3 X))
AX T (1M

BX4  CFA (X) (= (% X CINV X)) E))
AXTOM

BXS (FA (X Y Z) (= € X (X Y 23) Ck € X Y)Y 2)))
AX T BN

CTOCFACK Y)(= E €k X¢ YC CINV X)CINV Y))3)))

1. NEG-THM Oe  —=CEs#CSK45,% ¢ SK46,% CINVCSK45)» INVCSK 46))3))
2. NEG-THM 0. == (E,%(kCSK46,%CINVCSK45), INVCSK 46535 SK45))

CLAUSE 2. EQUAL.

3. NEG-THM 0.  —=(E,%Cx(SK465%CINVCSK&6)s INVCSK45))) 5 SK45))
CLAUSE 3. EQUAL.

4. NEG-THM D¢ ==(Es# (k3 CSK 465 INVCSK 46335 INVCSK 4535 SK 45))
CLAUSE 4. EQUAL.

5. NEG- THM D -=(Es#(#(Es INV(SK45)) SK45))

CLAUSE 5. EQUAL.

6+ NEG- THM 0.  —=CE,#(INVCSKA45), SK45))

CLAUSE 6. EQUAL.

7. NEG=THM 0.  —=(E>*(SK455 INVCSK45)))

OLAUSE 7. EQUAL.

g. NEG- THM 0. ~=(E,E)

OLAUSE 8. EQUAL.

9. AXIOM Oe  =(XsX)

10.RESC8. 9. 1. CONTRADICTION

YES Example 3



(0AS) .
EXECUTIVE MEDE

“RESET

AXCAXS AX3) 5 . A

AXS CFA (U V W) (= ¢CAP U CAP V W) (AP (AP U V) W))
AXTOM

AX3 CFA CU) CIF (NOT CNULL U)) €= (REV Ud (AP (REV ¢CDR U)) (LIST €C
AR 13D
AX 1 OM

«TPROVE 01 .
(FA (Y1 Y2 X CIF CAND ¢N@T ¢NULL Y1)) €= CAP (REV Y1) Y2) C(REV X)))
CEX (Y2%) (= (AP C(REV C(CDR Y1)) Y2%) C(REV X)))))

1. NEG-THM Q. -NULL ¢(SK45)

2. NEG-THM O =(AP(REV(SK45):SK46):REV(SK47))

3. NEG-THM O, -QCAP(REU(CDR(SKAS)):?2*):REU(SK47))

4. NEG-THM G -=(AP(REV(CDR(SK45)):YE*):AP(REV(SKAS):SK46))

CLAUSE 4. EQUAL.
5. NEG-THM. 0. -=CAPCREVC(CDRC(SK45)),Y2%)sLPCAPCREVCCDRCSK45) 5L
ISTCCARCSKA5)))5 SK46))  NULL CSK 45)

CLAUSE S. EQUAL.

6+ NEG-THM 0. -=(AP(REV(CDRCSK45)),Y2%), APC(REV(CDRCSK 453, APCL
IST(CARC(SKA45) ), SK46))) NULL (SK 45)

LAUSE 6. EQUAL.

7o AXI0M 0.  =CXsX)

8+ RESC6. 7.3 1. NULLCSK45)

9. RESC1. 8.) 2. CONTRADICTION

YES

Example 4
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v CONCLUSION

After some experimentation with our implementation of the equality

rule several things became clear to us:

(1L

(2)

(3)

An equality rule without any guidance is doomed to fail on

any nontrivial problem.

A heuristically guided search gives good results for a limited
class of problems for which the reluctance function features are
properly "tuned."

For a wider range of problems, watching the theorem prover in
the process of proving an equality and introducing simple
special rules of inference in case of failure or bad performance

turns out to be the best solution.
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