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ABSTRACT

This tutorial paper begins by dividing Artificial Intelligence into
three major subfields: formal problem solving, machines that understand,
and machines that interact with the physical world. FEach subfield contains
a need for a component of formal logic. After summarizing the basic concepts
of Mathematical Logic, the paper defines bhoth the Prepositional Calculus and
the First-Order Predicate Calculus and describes some proof procedures for
each. Finally, techniques are outlined for tailoring the Resolution proof

method to particular kinds of problems of Artificial Intelligence.
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This lecture will discuss how to use a digital computer for proving
mathematical theorems. We are interested in this problem for several
reasons: First, because automating the process of proving mathematical
theorems is an interesting and challenging intellectual problem. Second,
it could have important consequences for mathematics because there are
many unproved theorems and interesting mathematical questions that might
be solved by computer systems if we can discover how to couple the large
memories and high speed of computers with the strategies, intuition, and
guidance of human mathematicians. Finally, and perhaps most important
from the viewpoint of this symposium, an automatic mathematical theorem-
proving system can be an important component of a variety of larger auto-
matic systems in the general field of Artificial Intelligence. Before
going into theorem-proving methods per se we shall first present a sketch
of the major problem areas in Artificial Intelligence and how logical

inference systems can be fit intc them.

A, Overview of Artificial Intelligence

Artificial Intelligence is the label that has been attached to a
research area of computer science concerned principally with how to
increase the problem-solving and perceptual capabilities of computers;
that is, how to give computers more of the intellectual abilities generally
associated with human intelligence. We frequently hear the cliché that
computers are nothing but large, fast, adding machines and that they can
do nothing that they have not been specifically told how to do. Although
this may be true in a certain very limited sense, it would be more pro-
ductive to take a contrary but equally valid viewpoint; namely, that
computers are large, fast, symbol-manipulation machines and that they
are capable of solving any sufficiently definable problem (because, after

a2ll, they are universal calculating machines in the Turing sense). The



error in the myth that computers are only designed to do arithmetic can
easily be realized by looking at the instruction repertoire of any large
computer or the actual set of machine—language instructions used in any
large program. A very small percentage of these specific directions, or
wired-in commands to the machine, actually have anything to do with the
arithmetic values of numbers; that is, a very small percentage of these
instructions are of the form add, subtract, multiply, ete. The rest, by
far the preponderance of instructions used on any computer, are instruc-
tions for moving or comparing pieces of data. These pieces of data happen
to be binary bits in most instances. However, with appropriate inter-
mediate levels of software the user of the computer can imagine the machine

to be any type of calculating machine he wishes,

Most scientific computing views computers as number calculators and
therefore programming languages such as FORTRAN and ALGOL give the user
the impression that he is working with a large, fast, adding machine.
Business-oriented languages, for example COBOL, augment the arithmetic
capabilities seen by the user with a variety of input-output and file-
manipulation capabilities. For the types of problems of interest to
Artificial Intelligence it is useful to view the computer as a symbol-
or list-processing machine. Therefore, most of the computer programs in
this field have been written in LISP or some other list-processing language.
In fact, the design of the first list-processing languages was motivated

by applications of this kind.

The major problem domains that have been tackled under the general
heading of Artificial Intelligence are sketched in Figure 1. First we
have the area of formal problem solving. This is one of the earliest set
of problems tackled in our field. The motivation for choosing such problems

is fairly clear. If one wishes to demonstrate the ability of a digital
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computer to solve interesting, intellectual problems then first, one should
pick problems that are clearly defined (that is, whose rules can be imple-
mented in computer programs in some fairly direct way); and secondly,
problems whose solutions would be clearly recognizable (that is, it should
not require any obscure argument to convince the human critic that the
computer has indeed solved the problem). Therefore, the first domains
chosen as examples of Artificial Intelligence research consisted of formal
problem-solving situations, for example games, puzzles, and certain areas

of mathematics.

Now, one interesting feature of work in Artificial Intelligence is
that we are frequently surprised at how poor our intuitions may be con-
cerning the difficulties of new tasks. Some tasks, such as programming a
computer to play an expert or master game of chess, appear natural at
first for computer implementation. After all, the machine need merely
examine a large search tree and it would undoubtedly be able to find the
best move. In fact it has turned out that the problem of chess has been
extremely difficult for a computer because the size of the search tree
examinable by a computer in a reasonable amount of time is still insig-
nificant compared to the entire tree of the game, and therefore we must
build into computer chess programs a considerable amount of knowledge of
the game, in fact an amount comparable apparently to that used by human
chess players. On the other hand,; certain pattern-recognition problems,
for example the problem of recognizing faces, had been viewed by some as
virtually insoluble by computers since the criteria of recognizing faces
seem so ill defined that it could be claimed to be an inherently human
capability. On the other hand, recent systems such as those
discussed by Dr. Harmon show that the computer has considerable promise

for solving even this ill-defined problem.



Thus, progress in solving formal problems by computer seems to lie
in utilizing a mixture of techniques that take advantage of the unique
computer capabilities for high-speed calculation and large memory capacity,
and imitation or simulation of the heuristic approaches used by humans for
solving similar problems. Let us ;ook at progress in variocus areas of
doing mathematics by computer. In the late 1950s a group at IBM headed
by Dr. Gelernterl* programmed a computer to do plane geometry at the high
school level., The principal interesting feature of this program was that
it achieved most of its success by making use of a technigue that has been
taught to high school students for centuries but that no one had considered
trying to build inte a machine before; namely, the program in a sense
sketched for itself a diagram in general position that satisfied the
conditions of its current problem and then used the diagram as a test for
hypotheses that the program generated in the course of its attempted proof.
In 1962 Dr. Slagle at MIT completed a computer program for solving calculus
integration problems.2 This program was able to score close to 90% on an
MIT freshman calculus final examination. Once again its success in symbolic
mathematics was attributable principally to its use of the same kinds of

heuristic principles that human students are taught in solving similar

problems.

Formal mathematical logic has been a domain for experimentation in
heuristic programming for many years. The implementation of a truth-table
decision procedure for propositional logic is a common exercise in beginning
programming courses., (The nature of this and other procedures will be dis-
cussed further below.) In the early 1960s Newell, Shaw, and Simon used the
domain of propositional logic as a basis for experimenting with computer

3
simulations of human problem-solving techniques. Shortly thereafter,
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Professor Wang at Harvard presented a computer-oriented algorithm for

efficiently proving theorems in propositional logic.

The more interesting domain of predicate calculus has been much more
difficult for automated proof. We shall discuss some approaches below.
Here let me simply summarize the current status. There now exist machine
proof procedures (based on Robinson's resolution principles) that can
prove theorems in mathematics at the graduate level and that have already
been useful when guided by human mathematicians in solving open questions
in mathematics.6 Since such work is of great interest and potential value
to mathematics, these methods are currently actively being studied and

improved.

Let us now look at another area of Artificial Intelligence--namely,
the development of machines that "understand," or as McCarthy put it in
a pioneering paper,7 "machines with common sense.’ How can we organize
computer systems that would have broad knowledge of the world and be able
to solve simple everyday problems such as, for example, planning routes
to travel from one point to another, or deciding on appropriate clothing
to wear for particular occasions? We might call this class of problems
"informal problem solving." Formal problem solving is characterized by
problems that require deep solutions based upon a small amount of initial
information; for example, finding the right move in a chess game given the
rules of the game and the current position, or proving a theorem in group
theory given the axioms of group theory and a set of logical deduction rules.
Informal problem solving, on the other hand, is characterized by problems
that require very shallow reasoning to produce conclusions from a large
amount of initial data; for example, it is easy to deduce that I should
wear my raincoat from the premises that it is now raining and I am about

to go outside. However, these are merely two of almost uncountable



many facts that are in my mind at any one time and if a computer is to
draw similar conclusions it will have to have some kind of mechanism for

extracting the relevant premises from its broad store of knowledge.

Conventicnal information-retrieval systems are one limiting example
of informal problem solvers. These systems have little or no deductive
ability; they merely retrieve from memory specific facts on the basis of
specific indexed clues. If we wish a machine to truly understand some
subject domain we have to give the machine not only the ability to retrieve
specific facts stored in memory but alsc the ability to deduce from those
facts whatever consequences may be needed to respond to a particular gques-
tion. Perhaps we will be able to combine a general, logical, theorem-
proving system with a conventional information-retrieval system to produce
a more powerful understanding (or 1’ques‘tion—answering") machine. We shall

discuss below one approach 1o using a theorem prover.

Another important aspect of the informal understanding machine is
the language with which it communicates with the human users. Logical
inference systems naturally require a formal logical terminology. Informal
communication, on the other hand, normally takes place in natural language
such as ordinary English. Therefore, an obvious step would be to attempt
to translate ordinary natural language into a formal language that could
be used with a deductive system. One major research issue deals with the
nature of the formal language required to represent all the concepts
normally expressible in natural language. First-order predicate calculus
is a step in this direction but is clearly not adeguate for many of the
concepts that we would like to handle. I expect that Professor McCarthy's
lectures will contain proposals for more adedquate formal languages. How-
ever, first-order predicate calculus is the most powerful logical system

for which we now have reascnably adeguate proof procedures. We will discuss



below how it could be used in our first attempt at constructing intelligent

question-answering systems.

A third major set of problem domains for Artificial Intelligence
concerns machines that interact with the physical world. These systems
can be divided into two parts: those that perceive the world and those
that affect it. Most of the work on perception has concentrated upon the
visual sense and, until recently, has emphasized very specific well-defined
task domains. Character recognition of both printed and hand-drawn char-
acters 1s the principal example. In the acoustic domain considerable work

has been done on machine recognition of individual words.

More recently research interest in perception has shifted to larger
contexts. Visual-perception research is now concentrating on "scene
analysis"; that is, the recognition of objects in pictures of three-
dimensional scenes. (I'll have more to say about these projects in a
later lecture.) Similarly, work has recently been started on speech

understanding systems in which the recognition of sounds will make use

of knowledge of syntax and semantics of language,; as well as sound patterns
of individual words, in analyzing complete utterances. It is likely that
logical inference methods will be useful in integrating the diverse com-
ponents of these new perceptual systems; however, this idea has not yet

been implemented in any existing systems.

Finally, we would like to build systems in which a computer affects
the world; for example, by operating a manipulator or driving a vehicle.
Such systems will undoubtedly require a combination of problem-solving,
logical-inference, and perceptual capabilities in order to enable the
controlling computer to decide what actions it should take with the various
switches and motors under its control. (The design of one such complete

robot system will be the subject of a later lecture.)



One goal of many Artificial Intelligence researchers has been, in
Professor Newell's words, 'a search for generality."8 We would like to
find ways of transferring techniques from one problem domain to another,
or even better, of building single programs or systems that will be applic-
able to a variety of problem situations. We observe here that logical
inference in first-order predicate calculus is a candidate for such a
general system. It is a useful and perhaps necessary component of certain
formal problem—-solving systems, informal problem-solving systems, and
probably perceptual and robot systems. At Stanford Research Institute we
are already using one such subroutine package, the QA3 theorem prover,
for studies in mathematical logic, question answering, and robot problem
solving. Before explaining exactly how this can be done, I must explain
some of the principles of logical theorem proving. The next sections will
discuss the terminology and structure of theorem—proving systems. Then
we shall be able to return to the issue of how such systems can be embedded

in larger Artificial Intelligence systems.

B, Basic Concepts of Mathematical Logic

There are generally two viewpoints associated with every logical

system: the gyntactic and the semantic. Syntax deals with manipulation

of strings of symbols according to certain formal rules. The symbols are
not considered to have any external significance. This approach is fre-
quently most convenient for forming rigorous proocfs. The semantic viewpoint
is mainly concerned with interpretation of the symbols and significance of
the results. Although the design of aﬂlogical system may be motivated by
its semantics, the operation of the system generally consists of basically
syntactic manipulations. Occasionally a broadly used logical syntax, for
example that of the predicate calculus to be discussed below, may have a

wide variety of possible semantic interpretations. In this case we may



arbitrarily choose a "standard interpretation," usually based upon numbers
and sets. However, this standard interpretation is usually isomorphic to

most of the possible interpretations of the syntactic formulas.

Let us first look at the syntactic approach. Every logical system is
concerned with some well-defined class of symhol strings (frequently defined
recursively, for example by a context-free grammar) called the well-formed
formulas (wffs) of the system. A subset of the wffs is then identified and
designated to he the theorems of the system. The theorems are frequently
defined to be those wffs that can be generated by a set of string-manipulation

rewriting rules called the rules of inference or rules of deduction for the

logic. Theoremhood may be determined with respect to a set of wffs given
as a priori theorems or axioms (the Hilbert approach), or may be determined
in an absolute sense, i.e. with no axioms (the Gentzen approach). These
two approaches are essentially equivalent. For example, C is a theorem in
the Hilbert sense with axioms A and B, if and only if a single wff corre-
sponding to the assertion 'the conjunction of A and B implies €" is a

theorem in the Gentzen sense.

The semantics of a logical system refers to the association of certain
objects and interpretations with the syntactic symbols of the logic. The

semantics consist of two parts: a model and a valuation.

The model (sometimes called the assignment) consists of both the
identification of certain objects or mathematical entities, e.g. sets and
relations, as the semantic domain, and the associations between those
objects and particular symbols used in the wffs of the logic. The valuation
is an algorithm for mapping every wff and an associated model into either

truth or falsity (T or F) but not both.

The valuation procedure is usually defined once and for all as part of

the logical system. The model, on the other hand, may be selected at will.
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A model is said to satisfy a wff if the valuation is T for that wif

and model.

A wff is said to be satisfiable if there exists any model that satisfies
it.
A wff is said to be valid if every possible model satisfies it.

The usefulness of a logical system frequently depends upon compatibility
between the semantics and the syntax of the system. 1In particular, we
generally intend the theorems to coincide with the set of valid formulas.
This goincidence is not always achievable. A logical system is said to
be sound (and its rules of inference are consistent) if every theorem is
valid., A logical system (or equivalently, its set of rules of inference)

is said to be complete if every valid wff is a theorem.

Observe that if a system is not sound then theorems can be proven that
are occasionally false, and therefore the system would not be a useful basis
for analyzing the semantic domain. Therefore we generally do not use systems
that are unsound. In an incomplete system, on the other hand, we can only
‘ prove wffs that are true (although not all of them), and therefore the system

may still be useful.

A decisgion procedure for a logical system is an algorithm that is

guaranteed to determine in a finite number of steps whether or not any
given wif is a theorem. A system is said to be decidable if there exists

a decision procedure for it; otherwise it is undecidable.

A proof procedure for a logical system is an algorithm that can prove

in a finite number of steps that certain wffs are theorems. However, for
nontheorems (and perhaps for certain theorems), the proof procedure may

never terminate.

11



ROTE: It is possible for a system to be both sound and complete and
to possess a proof procedure but to be undecidable. It need merely
be possible to construct a nontheorem that the inference rules cannot
determine to be a nontheorem in a bounded number of steps. Thus an
observer who watches the proof procedure operate never knows whether
the procedure is working on a theorem and will terminate in the next

few steps or whether it has a nontheorem and will keep running forever.

Togicians frequently concern themselves with searching for decision
procedures for various classes of wffs. 1In Artificial Intelligence, on
the other hand, we are concerned with finding efficient proof procedures
for proving particular theorems whether or not they belong to decidable

classes.

C. The Propositional Calculus

Propositional logic is perhaps the simplest useful system of logic.
Table 1 summarizes its symbols. There are two kinds of symbols used:
propositional variables and connectives. The wffs are defined recursively

as follows:

(1) Every propositional variable is a wff (and is called an atomic
formula') .

(2) If A and B are wffs then so are AAB, AVB, ADB, A#B, and ~A,
The semantics of the propositional calculus may be defined as follows:
A model is any set, &, of propositional variables.
A valuation, T, is defined as follows:

If A is a propositional variable, then

T {4) T if A is in &

T (4) F if A is not in &.

12



TABLE 1

Symbols of Propositional Calculus

Pydrry ... propositional variables
™
A and
£ or
-] implies > propositional connectives
it equivalence
~ not J
TABLE 2

Truth Table for Propositional Connectives

A B _AAB , AVB ADB A=B A ~A
T/ T T T T T F
T|F F T F F F
F|T T T T F T
FIlF F F T T T

13



Otherwise, T (A} is established recursively from the component
of the wff A as given by the truth table for the connectives

(see Table 2).

Before proceeding to discuss proof procedures for the propositional
calculus let us consider two points that are troublesome to many people
when they are first introduced to logic: First, the definition of "2"
which we call "implies." Some philosophers do not like to use the label
"implies” for the symbol having the truth table definition of D given in
Table 2. By the definition in Table 2, ADB is true whenever A is false
or whenever B is true, independent of any possible causal relation between
them. ©On the other hand, to many people the word "implies" requires a
causal relation. If this discrepancy is disturbing to you then think of
= as having some other name. The fact is that a symbol with the truth
table definition of @ in Table 2 is useful in logic, as we shall see below,

regardless of what it may be called. Calling it 'implies' has been a

convenient if slightly misleading mnemonic.

The other more serious issue is the question of why we are concerned
with validity, that is with formulas that are true for all possible models.
One's first impression might be that there are very few such formulas, for
example formulas like pV~p and that they form an uninteresting subset of
all the possible wffs, The answer is based on the fact that usually we are
interested in logical consequence; that is, in whether a given formula
follows from another. Suppose we wish to know whether a formula B is true
whenever some other formula A is true. If this were so we would say that
B is a logical conseguence of A, This is a very common and useful gquestion
to pose to a logical system. We could use a Hilbert approach and pose the
guestion to our syntactic theorem prover in the form "Assume statement A is

a theorem. Now prove that statement B is =z theorem. On the other hand,
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this can be a confusing approach, especially from the semantic viewpoint,
because in fact statement A is not valid and therefore it is not clear how
to "assume it is a theorem.' However, we can now use the Gentzen approach
and pose the guestion "Prove that the formula ADB is a theorem. Let us
consider this formula semantically. If it is a theorem then every model
whose valuation makes A true must also make B true. Also, any model for
which A is false also makes the statement ADB true, independent of the
truth value of B, Therefore B is a logical consequence of A if and only
if ADB ig true for all possihle models; and the truth table definition of
= is precisely the one we require in order to ignore the inappropriate
models and focus our attention on just the ones that affect our intended
interpretation of the logical consequence relation. Therefore any logical
deduction argument can be converted into a single statement of the logic

which is valid if and only if that argument is wvalid.

D, Propositional Logic Proof Procedures

1. Truth Tables

The propositional calculus is decidable., In fact, one decision
procediure begins by simply enumerating all possible models. Since a model
consists of a subset of the (finite number of) propositional variables that
appear in a wff, there are only a finite number of models for every wff.

We need merely enumerate the models, say in a table such as the one in
Table 3, and calculate the valuation for the wiff for each model. If all
valuations are T the wff is valid and we could define it to be a theorem.
In this cage the syntactic theorem-proving procedure is based upon the
semantics so we are guaranteed that the system is sound and complete as
well as decidable. Unfortunately this truth-table procedure is frequently

rather inefficient. If there are n propositional variables in a wif then

16



TABLE 3

Proof by Truth-Table

[p2gAlgorA~sD~r]ll D [pDs]

Theorem:

let A=p>g

Notation:

Q=T

~g5 D~r

C =

E=BAC

ANE

the entire theorem.

G=FDD)

Table:

Theorem is proved because column G is all Ts.

17



n
the truth table must have 2 1lines, which might strain the capacity of the

calculator.

2, Axiomatic Procedure

One alternative to the truth—-table approach to propositional
calculus is a Hilbert-type system such as the one used in Russell and

10 .
Whitehead's Principia Mathematica. This system consists of a set of

about one dozen axioms--particular wffs that essentially define the
properties and interrelations of the connectives——and two rules of
inference—-"substitution” and "modus ponens." It can be shown that every
theorem of propositional calculus can be derived from the given set of
axioms by an appropriate sequence of applications of the rules of inference.
This system was the basis for Newell, Shaw, and Simon's Logic Theory
machine,3 a computer program that gimulated the behavior of naive students
in attempting to solve problems in the propositional calculus. Unfortunately
such a system provides no guidance as to which axioms to select next or

how to apply the rules of inference to them. Perhaps the most cbvious
mechanical procedure is the "British museum algorithm' in which all rules
are systemmatically applied to all axioms generating all possible theorems.
Of course, such an approach is clearly not a practical way to produce by

computer a proof of a particular desired theorem.

3. Wang's Algorithm

Wang's algorithm4 is probably as efficient a procedure for
mechanically proving theorems in propositional calculus as any that has
ever been proposed. It consists of systemmatically replacing the wff
currently being worked on with one or two other wffs that contain fewer
connectives. When no connectives remain a simple test made on the final

formulas determines whether the initial wff of the process was a theorem

18



or not. If there are n connectives in the initial wff then Wang's
n
algorithm requires somewhere between n and 2 1lines dependent on the

particular structure of the formulsa.

4, Propositional Resolution

We now present one additional decision procedure for propositional
calculus. This procedure is probably comparable to Wang's algorithm with
respect to efficiency. However, it is also the basis for the most useful

predicate-calculus proof procedure that we will be presenting later on.

These procedures are based upon the following fact: If a wff
is a theorem (and the procedure is sound) then its negation is not satis-
fiable; hecause, by the standard definition of valuation for the negation
symbol, any model that satisfies the negation could not satisfy the wff
and therefore the original wff could not be valid., Certain wffs, e.g.
pA~p, are patently not satisfiable. Moreover, if from some wff A we
can deduce a wiEf B that is patently not satisfiable then clearly A is also
not satisfiable (because 'B deducible from A" means that every model that
satisfies A also satisfies B and therefore if no model satisfies B then no

model can satisfy A).

The proof procedure is as follows: First place a negation symbol
in front of the theorem to be proved. Now place this new wff in a certain

standard form called conjunctive normal form. This is a form in which

negation symbols only apply to individual propositional wvariables and no
conjunction ('and") symbol lies within the scope of any disjunction (' or')
symbol, For every wff of propositional logic there exists an equivalent
wEff in conjunctive normal form. This equivalent wff can be constructed by
systemmatically making substitutions using the equivalence rules given in

Table 4a. Tahle 4b contains an example of the translation process.

19



TABLE 4a

Translation to Conjunctive Normal Form

Any propositional calculus wff may be converted to conjunctive normal form
by recursively applying the following rules:

(1) Eliminate ® and 2.

Replace A« B by ADB A BDA

Replace ADB by ~AVEB

(2) Reduce the scope of ~,

Replace ~ [AAB] by ~AV~B
Replace ~ [AVB] by ~AA~B

Replace ~~A by A

(3) Eliminate A from lower levels.

Replace AV [BAC] by [AVB] A [AVC]

TABLE 4b

Example

Negated theorem:

~[[p=g A [gqor A ~sD~r 1] D[pDs]i]
Eliminate D:

~ [~ [I~pVgl A [l~qVr]l A [~~s5 Varlll V [~pVsl]
Reduce the scope of ~ :

[[~pVglAIl[l~qVr]lAlsV~r]l]l A~[~pV s]

(Conjunctive form--no lower level AT appears in this example.)

Set of clauses:

{{"’P:Q}: {~qsr}: {S;""I'}: {P}! {NS}} r

20



We shall call each atomic formula or its negation a literal
and each disjunction of literals a clause. The entire formula in con-
junctive normal form (the negation of the theorem to be proved} then has
the form of a conjunction of clauses. We shall view this conjunction as
a set of clauses and each clause as a set of literals. The set of clauses
is satisfiable if and only if for every clause in the set there exists a
literal in the clause whose valuation is T, Therefore, a set of clauses
containing an empty clause, i.e, a clause without any literals, is not
satisfiable whereas the emptv set of clauses is satisfiable. Propositional
resolution will proceed by adding or deleting clauses from this initial set

until the resulting set is patently satisfiable or unsatisfiable,

We modify the set of clauses as follows: Any clause containing
both a literal and its negation may be immediately eliminated since it is
clearly tautological. If any literal occurs in the wff but its negation
does not occur we eliminate all clauses containing that literal (the literal
which is called "pure" in the wff, may be placed in the model thereby satis-
fying all those clauses). Any clause consisting of a single literal may be
eliminated, all other clauses containing that literal are also eliminated,
and all occurrences of the negation of that literal in other clauses are
removed., Finally, if a literal L occurs in one or more clauses and its
negation ~ L occurs in one or more other clauses we may choose any subset
of the clauses containing L and any subset of the clauses containing ~L
and form a new clause consisting of all the literals in those two subsets
except for L and ;JL. (This new clause is a consequence of the selected

sets of clauses.)

It can be shown that if the above rules are applied systematically

in all possible ways to the initial set of clauses, then in a finite number

%
of steps we shall have a set of clauses containing the empty clause,

*
The empty c¢lause is usually denoted by OJ .
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thereby proving that the original wif is a theorem, or the empty set of
clauses,; thereby proving that the original wff is not a theorem. Table §

is a proof by propositional resolution.

E. First-Order Predicate Calculus

The propositional calculus is a fairly uninteresting branch of logic.
The most elementary statement you can make is a proposition and there is
no mechanism for looking inside of that statement. For example, the state-
ment 'The book is on the table' can be represented in propositional calculus
only as a single proposition that is either true or false. There is no way
to relate that statement to any other assertions about books, tables, or
positions. The predicate calculus, on the other hand, allows us to discuss

in the formalism individual objects and relations between objects.

Table 6 sumarizes the syntax and semantics of first-order predicate
calculus, In addition to the propositional connectives we now have indi-
vidual variables, function symbols, predicate symbols, and quantifiers.
For the semantics a model consists first of the selection of the domain,
B, and an assignment of individual variables to elements of the domain.
Next each function symbol is assigned a mapping from ordered n-tuples of
B into & (thus each function of an appropriate number of arguments corre-
sponds, in each model, to a particular element of the domain). Next each
predicate symbol is assigned a subset of n-tuples from the domain that it

maps into truth.

We can begin to build up the wifs of predicate calculus. We first must
define a term to be any appropriate composition of function symbols and

individual variables. An atomic formula is then a predicate symbol applied

to an appropriate number of terms for arguments. {(Note that a function of
no arguments is a constant and a predicate of no arguments may be considered

to be a propositional variable.)
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TABLE 5

A Proof by Propositional Resolution

Initial Clauses Deduced Clauses

L.

4 N

{~p,a}
{al
{p}

{NQ:I']' \

{5!"“'1']'

{~s}
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Symbols

PN T PR

frg;h; P

P,Q:R;...

V.,q

A!V}D,Q’N

TABLE 6

First-Order Predicate Calculus

Definition
individual variables

function symbols

predicate symbols

quantifier symbols

propositional connectives

24

Semantics
elements of a domain &

n
mappings: 8 -+ 8, where
n = number of arguments

n
subsets of & , where
n = number of arguments

[see text]



Propositional connectives'applied to atomic formula form more complex
wiffs in exactly the same way as they did for the propositional logic. This
completes the definition of the syntax of predicate calculus except for

quantifiers.

Let Axy be the notation for "the formula obtained by replacing every
occurrence of y by x in formula A," where y is usually an individual vari-

*
able and x is a term.

If A is a wff then (Vx)A is also a wff and its meaning, its corre-
sponding semantic interpretation, is as follows: ' Give this formula the
same truth value you would get if you could compute Axlx A szx AN
Axnx A ... where x; ranges over every element of the semantic domain,"

("x)A is true iff (if and only if) the formulas you get by substituting

every possible individual x; for x are all true; otherwise (Vx)A is false.

Similarly if A is a wff then (Hx)A is a wff and its corresponding interpre-

tation is "give this formula the same truth value you would get if you could
n

compute Axlx v szx V ... That is, (dxA) is true iff at least one of the

instances of A for some individual X4 in the domain is true.

Finally, we define a sentence of first-order predicate calculus as a
wff:in which every variable is gquantified. That is, if A is a wiff aﬁd X
occurs in A then x must occur within the scope of some quantifier (Vx) or
5_.ﬁHx). There must be no variable occurring inside of any sentence that is

2 ﬁot within the scope of a guantifier. It turns out that essentially all
the eXpressive'power of first-order predicate calculus is contained in its
‘éenténbes. Interﬁretation of nonsentences is occasionally somewhat awkward,
-;sb wé éha11'restrict ourselves to considering the proofs of theorems in

:Tirét—order predicate calculus that have the form of sentences.

*
This discussion is somewhat oversimplified because we are not going into

the definitions of bound and free occurrences.
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F. Predicate—-Calculus Proof Procedures

When we discussed the propositional calculus we observed that one
method of proving theorems consisted of going to the semantics and enumerat-
ing all possible models to determine the validity of a particular wff.
Although this procedure was inefficient it was always possible. In the
predicate calculus, on the cother hand, the domain selected in the model may
be infinite and quantified statements range over all elements of the domain,
s0 in general not only can we not enumerate all possible models but we
frequently cannot even test the truth of a formula with respect to a single
model in a finite amount of time. Therefore we need some other approach

to testing theoremhood.

One approach frequently used by mathematicians who work in first-
order predicate calculus is called "natural inference." This is a method
of proving theorems in predicate calculus analogous to the axiomatic
approach of Whitehead and Russell for the propositional calculus. It
involves starting with zero or more initial assumptions or axioms and a
fairly complex set of rules of inference, in the form of rewriting rules,
that allows one to add or delete quantifiers and make various substitutions
in formulas. Since this type of procedure gives no guidance to the user
as to which previcus statement to select next and which rule of inference
to apply to that statement, it does not lead to any natural way of imple-
menting a mechanical theorem-proving process. Although it is possible
that appropriate heuristics could be superimposed upon a natural inference
scheme so that practical mechanical theorem-proving programs could be

based upon such an approach no one has seriously pursued this idea.

The most promising systems for automatic theorem proving in predicate
calculus are based upon some ideas developed by Herbrand in about 1930,

These ideas were not used by mathematicians in practical theorem—proving
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work because of the complexity of the bookkeeping involved in implementing
them. Now, with computers, a combination of the Herbrand approach and
human-inspired heuristic-search strategies promises to give us practical

and useful automatic theorem—proving systems.

One way of using the Herbrand approach resembles propositional resolu-
tion discussed above. In order to prove that a formula is a theorem we
consider the negation of the formula and try to construct a satisfying
model for it--or rather try to prove that it is not possible to construct
a satisfying model. If such a proof can be completed then the original
formula will have been shown to he a theorem. To begin such a proof, as
in the propositional case, we first transform the formula into an equivalent
formula in conjunctive normal form. However, the presence of quantifiers
interfers with this transformation process. At this point a theorem by
Skolem comes to our rescue. It turns out that for any formula containing
existential gquantifiers there exists another formula that does not contain
any existential quantifiers and that is satisfiable iff the original
formula is satisfiable. The existential quantifiers are eliminated by
introducing new function symbols. For example, the formula (Vx) (Ey)P(x.,y)
is a theorem iff there is a functional relationship bhetween x and y; that
is, the ahove formula asserts that for every x there is some corresponding
¥, or equivalently, y is a function of x. Therefore, the above formula is
a theorem iff the formula (Vx)P(x,f(x)) is a theorem (where f is a brand

new function symbol that represents the relationship between x and y).

If we reduce the scope of negation symbols according to the rules in
Table 4 plus the following additional rules that allow negations to be
moved past quantifiers (these are clearly generalizations of the rules in
Table 4):

Replace ~ (Vx)A by (Ex) ~A

Replace ~ (dx)A by (Vx) ~A
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and we then delete every existential quantifier and instead replace the
existentially gquantified variables by brand new function symbols whose
arguments are the appropriate universally quantified variables, then we

can move all the universal quantifiers out to the front of the expression
and proceed to transform the remaining formula into conjunctive form as in
the propositional case. Moreover, since the quantifiers are now all in
front, all universal, and quantify all remaining variable symbels in the
formula, their explicit occurrence is redundant and they may be dropped.

The resulting formula is the negation of the original theorem to be proved
in conjunctive quantifier-free normal form, and this formula is the negation

of a theorem iff the original formula was the negation of a theorem.

A remaining problem is the fact that this formula contains universally
gquantified variable symbols. How are we to prove that it is not satisfiable?
We now have Herbrand's theorem: A formula in quantifier-~free conjunctive
form is not satisfiable iff some finite conjunction of its ground instances
is not satisfiable. (A ground instance is a formula obtained by substitut-

ing for each variable some term that does not contain any variables.)

Early thecrem—proving programs based upon the Herbrand approach pro-
ceeded as follows: First prepare an enumeration of the (generally infinite)
set of ground terms that could be formed from the symbols occurring in the
original wff. Second, begin using these terms to systemmatically generate
all ground instances of the clauses in the quantifier-free conjunctive
negation of the theorem. Finally, stop from time to time to test whether
the set of ground clauses generated thus far can be proved to be not

satisfiable using, for example, propositional resolution.

Before proceeding to g discussion of the much more efficient methods

now in use let us illustrate the procedures we are discussing with an
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example. I will choose an example that might come from a question-answering
or problem—-solving situation rather than from deep mathematics. (Since this
problem will require a rather shallow proof and I will provide to the system
only the small set of relevant axioms, the task should be much easier than
the kinds of problems that a mathematician would like an automatic system

to do in, for example, number theory or group theory.)

Suppose I wish to give the system the following two general pieces of
information:
If x visits y then x is where y is, and
If u is at place v then there is a phone number at which
u can be reached.
I will represent this in the logic by
(1) Ox) y) (V) [Visits(x,y) N At(y,z) D At(x,2)], and
()  @v) @Ew) (w) [At(u,v) = Numb(u,w)].
That is, 'for all x, v, and z, if x visits y and y is at place z, then x
will also be at place z" and 'for every place v there is a phone number
w such that for every person u, if person u is at place v, then the number
at which u can be reached is w.  Such a system might be used, for example,
by a doctor who wished an answering service to know how he could be reached,

We shall see below how the appropriate phone number can be calculated.

Let us now add a couple of specific facts. For example,
(3) Visits(Bert,John)

(4) At(John,Tokyo-Prince).

We consider (1), (2), (3), and (4) all to be axioms in the system. Now
suppose somecone wishes to know what phone number Bert can be reached at. 1In
predicate calculus one can easily ask yes-or-no questions by framing them in

the form of desired proofs, i.e., one can ask 'Is a given statement a theorem? "
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We shall see a little later how additional information can also be
extracted from the system. However, at this point let us simply pose the
yes—or-no question, "Is it true that there exists a telephone number at
which Bert can be reached?” This would appear in first-order logic as a
request to prove the statement

(5) (dn) [Numb(Bert,n)].

In order to use the Herbrand approach I must form a single statement
of predicate calculus of the form {axioms} D theorem; and then negate that
statement and place the resulting statement in clause form. It is easy to
show that ~[AABA ... C2 D] is equivalent to AABA ,,.CA~D, There-
fore, the set of clauses I must give to the Herbrand procedure consists of
the clauses obtained by transforming each axiom into clauses and adding the
clauses obtained from the negation of the theorem to be proved. The first
of the above axioms transforms into the wif

(1) ~Visits(x,y) V ~At(y,z) V At(x,z).

In translating the second axiom we notice that the existentially
quantified variable w 'depends upon" (because it follows) the universally
gquantified variable v. Therefore, we can replace w by f{v) and eliminate
the existential quantifier. The resulting clause is

(2) ~At(u,v) V¥V Numb(u,f{(v))

(3) and (4) are already clauses. Finally, the negation of the theorem
becomes

(5) ~ Numb(Bert,n).

The ground terms that can be generated from symbols appearing in these
five clauses are all the terms gotten from the constants Bert, John, and
Tokyo-Prince, and the function symbol of one variable f. Thus each variable
occurring anywhere in the clauses may be replaced by any of the following
constants: Bert, John, Tokyo—-Prince, f(Bert), f{(John), ..., f{f(£(Tokyo-

Prince))) ..., and so on. A blind syntactic procedure of substituting these
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ground terms into these clauses will generate clauses whose interpretations
might be "either the Tokyo-Prince is not visiting the Tokyo-Prince or the
Tokyo-Prince is not at the Tokyo-Prince or the Tokyo-Prince is at the Tokyo-
Prince” and "Bert is not at f(f{John)) or the number of John is at the
Tokyo—Prince," and so on. Eventually we will get to a useful clause such

as the one meaning "either Bert is not visiting John or John is not at the
Tokyo—Prince or Bert is at the Tokyo-Prince" but it may take an extremely

long time before that point is reached.

In 1965 Robinson published a paper5 describing the Resolution principle,
an inference rule that basically shows how it is possible to avoid generating
most of these ground instances. Instead one need only generate a limited
number of much more meaningful terms by using a matching procedure called
unification. This means that we decide which terms to select from the many
possible ones by picking just those terms that allow us to make some progress
toward eventually deducing an empty clause and thereby proving unsatisfia-

bility.

Resolution is gimilar to propositional rescolution except, obviously,
that it does not have to begin with propositions. 1In fact, one picks any
two clauses such that a literal in one contains the same predicate symbol
and opposite sign as some literal in the other. If the corresponding
arguments of those literals can be made idential by some substitution,
then by making that substitution in both clauses the two clauses become
candidates for a propositional resolution step. An algorithm exists for
finding the "most general unifier' of any set of literals., By using most
general unifiers—=which do not necessarily produce ground substitutions--
each unification step in an abbreviation for a possibly infinite number of
specific ground instantiations. Thus the resolution procedure can proceed
toward a proof in a much more efficient well-directed manner than any

procedure based upon a systemmatic enumeration of ground instances.
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Returning to the example (see Table 7*) we can take any two lines,
say (5) and (1), and see immediately whether there is any chance of pro-
ducing a significant deduction from those lines. Since the clause in line
{5) contains the sinple literal which has a negated occurrence of the
predicate Numb we look in line (1) for any occurrence of a positive predicate
Numb. Since there is none we have no reason to pursue consideration of
this pair of lines. Now look at (2) and (5). (5) has a ~Numb and 2 has
a Numb. Therefore it appears worthwhile tc look for a substitution that
will make the arguments of the Numb in (2) and the ~Numb in (5) identical.
One such substitution is Bert for u and f(v) for n. If I make this sub-
stitution throughout lines (2) and (5) and then form a new clause according
to the propositional resolution rule, that new clause containg only a single
literal in line (6). If I now try to resolve that new clause with some-
thing I have only two candidates, that is, only two clauses that contain a
positive occurrence of the predicate symbol At: clauses (1) and (4). How-
ever (4) can be quickly rejected because there is no way to make the first
argument of 4, John, identical to the first argument of (6), Bert, (since
John and Bert are both constants). 8o if (6) is to be useful at all it
must be resolved with (1). Therefore in clause (1) let x be Bert and z be
v. This will produce clause (7). Now (7) and (3) immediately produce (8),
by letting y be John. And finally, clause (8) and clause (4), with the
substituion z = Tokyo-Prince, are immediately contradictory, that is they

may be resolved to produce the empty clause and complete the contradiction.

Thus unification and the resolution rule provide a powerful way of
testing a set of clauses for unsatisfiability. However, the resolution
principle alone is not sufficient for constructing efficient machine proofs.
Making all possible resolution inferences from a set of clauses is clearly

much less time consuming and inefficient than making all possible ground

*
In Tabkle 7, the circled literals should be ignored until the reader considers
the answer-construction process, to be discussed in Section G2.
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(1)
(2)
(3)
4
(5)
(6)
(D
€:))

(9

TABLE 7

Proof by Resolution

ﬁ
~Visits(x,y) ~At(y,z) At(x,z)
~aAt(u,v) Numb(u,f(v))
f Axioms
Visits(Bert,John)
At (John,Tokyo—Prince) y
- _—
~ Numb (Bert,n) ( Numb(Bert,n) ) Negated Theorem
»-\»_,—4--——-‘//

=
~At(Bert,v) { Numb(Bert,f(v)) ) From (2) and (5)
~ Visits(Bert,y) ~At(y,v) Numb(Bert,fg;;i) From (1) and (6)

~ At{(John,v) Numb(Bert,f(v))‘:> From (3) and {(7)
jp— —
D LNumb(Bert,f(Tokyo—Prince))_,_‘) From (4) and (8)
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substitutions into a set of clauses. However, it is still not sufficiently
restrictive to produce proofs to interesting theorems in reasonable times.
We must superimpose upon the general principle of resolution some set of
guiding heuristics that determine which clauses to select for trying resolu-
tion on next and which literals within those clauses to focus attention on
first. Considerable work has gone into selecting such principles and
heuristics in the last few years. A large variety of principles have been
published,; generally asserting that one may restrict the use of resolution
to extremely narrow subsets of the available clauses and still produce
proofs in finite time if any proof is possible., Unfortunately, most of
these strategies for using resolution do not have anything to say about

the average overall efficiency of the proof. That is, the proof found when
using such strategies may require considerably fewer alternatives to be
explored at each point in the search tree but may alsoc may require a much
deeper search before finding the first complete proof and therefore may

not contribute to the overall efficiency of the procedure.

Certain of these strategies, for example the "unit—preference strategy,"
which says essentially "since we are trying to deduce the empty clause
always pick as one of your resolvents the shortest clause available and try
to resolve away some literals, seem to be extremely important. The use-
fulness of other proposed strategies is nowhere nearly as clear. Experimental
work is just now beinpg started in several places to gather statistics and
compare the effectiveness of various strategies upon various types of theorem-

proving problems.

Since this work is being pursued by the mathematicians whe wish to
develop effective theorem provers for complex problems, we should be able
to take advantage of their results and apply the latest theorem-proving
strategies, as they are developed, to our needs for shallow proofs in much

broader problem domains such as question answering and problem solving.
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G. Applications of Resolution Theorem Proving

Let us turn our attention now to ways of using predicate-calculus

proof methods in broader systems for Artificial Intelligence.

1. Levels of Memory

The mathematical theorem-proving systems are being tailored to
produce efficient proofs in situations where a small set of relevant axioms
is supplied to the theorem prover at the beginning of its proving process.
The selection of such a set of axioms is a heuristic process that may require
completely different techniques than those built into the mathematical
theorem prover. Therefore it seems wise to have two or more levels of
memory in our problem—-solving system. The primary memory can be limited
to a small number of axioms that some program has decided is relevant to
the problem at hand. A secondary, larger memory can consist of all knowledge
that the computer has of the appropriate problem domain. We then can modify
the theorem prover itself so that it would in a sense "know' about the
availability of this large background memory but not have direct access to
all the facts stored there. Instead the theorem prover can converse with
another program--one responsible for identifying relevant facts—~—and ask for
additional axioms only when the theorem prover decides that it does not have
encugh information to solve a particular problem. The QA3 system9 at SRI
essentially uses such a two-level memory system; however, the criteria for
transferring facts from secondary to primary memory are presently extremely

crude and much more work needs to be done on this aspect of the system.

2. Answer Construction

As we mentioned above a theorem prover is designed only to answer
the yes-or-no question--Is this statement a theorem? In gquestion answering,

on the other hand, we generally wish not only to know whether an answer
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exists but also to exhibit the answer. Luckily it turns out that the
Herbrand-type of theorem-proving procedure generally constructs consider—
ably more data about the answer than simply the fact that it exists.
However, in mathematically oriented theorem-proving programs this data is

never brought out explicitly and made available to the user.

Luckham and Nilsson11 describe an ingenious procedure for
generating from a resolution—type proof the most complete description of
the answer that can be obtained. A simplified form of this procedure
involves going back to the initial unsatisfiable set of claugses and adding
one or more literals that convert the set from being unsatisfiable into
being tautological. Then, by following the steps of the initial proof, the
additional literals serve as bookkeeping devices to extract the answer

information from theproof.

In Table 7 the circled literals are part of this answer-construction
procedure, We see that the answer to the question, "At what telephone number
can Bert be reached?' is Numb{(Bert,f (Tokyo-Prince)), that is, Bert can be
reached by the number gotten by calculating the f function of Tokyo-Prince.
We then must recall that f is a function relating places to their phone
numbers, so that 'calculating the f function' means looking up the Tokyo-

Prince in the telephone director.

3. Evaluable Predicates

If we were doing pure mathematics we would be satisfied with
the basic idea in logic of carrying all significant information in the
axioms themselves. 1f we were studying number theory, for example, we
would be perfectly content to write the axioms for an elementary theory
of numbers and see what we could prove from them. On the other hand, in

applying theorem proving to more practical problems we occasionally wish
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to do some calculation, for example some arithmetic, that is only inci-
dental to the main problem. For example, in the example of Table 7,
suppose we wish also to add the requirement that Bert is visiting John
only after 1700 O'clock. Then we might change axiom 3 from Visits(Bert,John)
to:

(3') Time(x) A Greater(x,1700) D Visits(Bert,John),
and we would add the current time as a new axiom

(0) Time(1930) .
Ideally, these changes should have no significant effect on our proocf. We
should be able to deduce very quickly from Axioms (0) and (3’) that since
it is after 1700 and Bert visits John after 1700 then Bert is visiting John.
Unfortunately, if we resolve (0) with the clause form of (3') we get:
~ Greater{1930,1700) V Visits{(Bert,John). We have no convenient formal
way of handling the Greater relation, i.e. of noticing that 1930 > 1700.
It would be ridiculous to add all the axioms of ordering on the integers and
in fact all the definitions of integers represented in a logical syntax in
order to do this trivial computation. Therefore, we require that resolution
proof procedure be augmented by specific calculational procedures whenever
such an approach is more convenient. 1In this case we need merely flag the
Greater relation so that the proof procedure would notice, any time a literal
containing the Greater predicate is modified, that this is one of the special
class of predicates that can sometimes be evaluated. In particular, as soon
as all the arguments of Greater are numeric, an arithmetic comparison sub-
routine can be called and the literal can be replaced by truth or falsity.
This device of calculating the values of certain predicates when such
calculations are convenient and leaving them in the formalism for the logic
system to deal with when they cannot be easily calculated has proved to be
a valuable concept in the construction of useful resolution theorem—proving

sysitems.
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We can extend the concept of evaluable predicate to that of
evaluable function. In the above example there is no reason why the
function f could not be flagged as evaluable. As soon as its argument
was instantiated, i.e., known to be Tokyo-Prince, an information-retrieval
subroutine could be called that would look up the telephone number of the
Tokyo-Prince in an appropriate data file and produce the specific answer

to the question.

4, Generating Plans

Cordell Green proposed the intriguing idea of using a theorem
prover to generate plans of action for a robot (or programs for a computer).
The concept was based on that of answer construction; namely, if one wished
a plan of action that would achieve a certain result one could simply pose
to the theorem prover a problem of the form

Prove that there exists a plan of action that achieves
the desired result.

If the initial state of the world and the effects of the possible action
operators are appropriately axiomatized then a standard resolution theorem
prover can indeed prove that there exists the desired state, and the answer-
generation procedure applied to that proof would construct the appropriate
sequence of operators. Unfortunately this approach has some severe limita-
tions in efficiency and it has proved to be more elegant than practical.
Examples of the problem and a current approach for getting around it will

be discussed in the next lecture.
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