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Abstract. We proposea new framework for multi-criteriaoptimizationin con-
straint-basedtemporalreasoning.Motivatedby areal-world domain,weaugment
oneof themostexpressivecurrentformalisms,theDisjunctiveTemporalProblem
with Preferences(DTPP),in two crucialways.First,wemodeloptimalitycriteria
asbeingattributed to subsetsof soft constraints,in contrastto the direct map-
ping to individual constraintscommonin previous formulations.Second,using
Multi-Attrib ute Utility Theory(MAUT) we constructan objective function that
considersnot only the individual valuesof theseseparatecriteria,but alsotheir
mutualinteractions.Theincreasedexpressive power of theMulti-Criteria DTPP
(MC-DTPP)allows usto modela broadrangeof complex preferentialoptimiza-
tion problemsthat existing TemporalConstraintSatisfaction Problemscannot
(for instance,capturingthewholeParetofrontier).Weproposetwo algorithmsfor
�nding optimalsolutionsto anMC-DTPP, anddemonstratethecomputationalef-
�ciency of reasoningwith MC-DTPPsonasuiteof randomizedbenchmarksand
anew collectionof real-world schedulinginstances.

1 Intr oduction

Recentstudiesin constraint-basedquantitativetemporalreasoninghaveaddressedpref-
erential optimization[11,18,17]. In this line of research,traditionalsimpletemporal
(STP)constraints[3] areaugmentedwith local preferencefunctionsthatexpresshow
well anassignmentsatis�esthecorrespondingconstraint.For instance,thesefunctions
might convey thata certainactivity shouldbeaslong aspossible,or thatit is desirable
for two activities to bescheduledin closeproximity. Early researchfocusedon Weak-
estLink Optimality[12,19], wheretheminimumpreferencevalueis maximized,while
laterwork hasbegunto addressthemorechallengingutilitarian optimization[18,17],
wherethesumof theindividualpreferencevaluesis maximized.

The work presentedhereis motivatedby temporalreasoningproblemsarising in
calendarmanagement,whereconstraint-basedpreferentialoptimizationhasgainedre-
centattention[16,1]. Managementof one's time is intenselypersonalby nature;the
decisionover which schedulingoption is “best” is stronglydependenton eachindi-
vidual's personalpreferences[1]. Moreover, many criteriafactorinto this decisionand
interactin complex ways.Combined,thesemodellingrequirementssurpasstheexpres-
sivepowerof existing temporalconstraintsatisfactionproblem(CSP)formalisms.

In this paperwe explore multi-criteria optimizationin constraint-basedtemporal
reasoning.Our goal is to obtaina formalismexpressive enoughto captureproblemsin
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domainssuchastheabove,andto developalgorithmscapableof solvingsuchproblems.
Webegin with oneof themostexpressivecurrentformalisms,theDisjunctiveTemporal
Problemwith Preferences(DTPP),which featuresdisjunctive constraintswith prefer-
encesover them[19]. We augmenttheDTPPto overcometwo limitationsthatmake it
currentlyunableto captureour motivatingproblems.First, we modelcriteriaasbeing
attributedto subsetsof soft constraints,in contrastto thedirectmappingto individual
constraints.Second,usingMulti-Attrib uteUtility Theory(MAUT) weconstructanob-
jective functionthatconsidersnot only the individual valuesof theseseparatecriteria,
but alsotheirmutualinteractions.

With the focus of this paperon the representationaland modelling aspects,we
nonethelessproposetwo preliminaryalgorithmsfor achieving optimizationover this
new Multi-Criteria DTPPstructure.Oneis avariationonastate-of-the-artbranch-and-
boundDTPPsolver, while theotheradoptsa recently-proposedMulti-Criteria Search
(MCS) framework. We demonstratethe ef�ciency of our approachon a suiteof ran-
domizedbenchmarks,aswell asanew collectionof real-world schedulingproblems.

2 RelatedWork

Thereis a sizeablebody of literatureon the theoryandpracticeof multi-criteria de-
cision making (MCDM) [10,4]. The threeaspectsof �nding optimal solutionsto a
multi-criteriaconstraintoptimizationproblemare:(1) modellingtheproblem(includ-
ing elicitationof the user's preferences),(2) decidingon the combinationor trade-off
of thedecisioncriteria(andthusthenatureof thesolutionstheuserwantsto seek),and
(3) providing analgorithmto derive theoptimalsolutionsof thechosentype.

Thetwo broadapproachesaremulti-attributeutility theory(MAUT), whichfocuses
onconstructingaglobalutility function(theaggregationfunction), andmulti-objective
combinatorialoptimization(MOCO),which is concernedwith optimizingmultipleob-
jectives. In the MAUT approach,which we will adopt for the MC-DTPP, the three
above partsaredivided betweenwhat areknown asthe disaggregation andaggrega-
tion/optimizationphases[10].

Given the sizeof the literature,we focuson quantitative approachesin constraint
programming(CP),exceptto notethegraphicalmodelof CP-nets[2]. Researchersin
CPhave, by andlarge,focusedeitheron thedisaggregationphase(i.e., themodelling
aspect),or on theaggregation/optimizationphase(i.e., thealgorithmicaspect)suppos-
ing that an aggregation function is available or the type of solution is decided.The
modellingaspectis a recognizablyimportantanddif�cult part of tackling real-world
problems,especiallywheretheproblemde�nition or objective featuresuncertainty;[7]
and[14] presentcasestudies.

FromMAUT, acommonaggregationfunctionis to combinethecriteriainto asingle
objectivefunctionasaweightedsum.Theutilitarianobjectivefor aDTPPcanbeseenin
theselines.Thesolvingaspectcanthenbeaddressedby variantsof branch-and-bound
searchwith dominancetesting[5]. Two drawbacksto a weightedsumareits limited
expressiveness,for instanceregardingdependency betweencriteria,andthepragmatic
dif�culty of settingthe weights(andhandlingthe sensitivity of the problemto their
values).Onemain alternative to a weightedsumaggregation of the criteria is to seek



thefrontierof non-dominatedsolutions.An ef�cient CPmethodto computethisPareto
frontier is givenby [6].

Preference-BasedSearch(PBS)[9] is a dedicatedalgorithmfor a formalismin the
MOCO line that can expresspreferencesbetweenas well as over criteria. PBS can
�nd balancedandextremesolutions,in additionto Pareto-optimalsolutions.Like PBS
but in the MAUT line, Multi-Criteria Search(MCS) [8] is basedon a successionof
mono-criteriasearches.MCS is dedicatedto an expressive formalismof MAUT that
encompassessophisticatedaggregation functionsbeyonda weightedsum,suchasthe
Choquetintegral [13].

3 Background

A DisjunctiveTemporal Problem(DTP) [21] is de�ned by a pair hX ; Ci , whereeach
elementX i 2 X designatesa time point, andeachelementCi 2 C is a constraintof
the form ci 1 _ ci 2 _ ::: _ cin i . In turn, eachcij is of the form aij · x ij ¡ yij · bij

with x ij ; yij 2 X andaij ; bij 2 < . DTPsthusgeneralizeSimpleTemporalProblems
(STPs)[3], in whicheachconstraintis limited to asingledisjunct.

Onetypeof solutionto a DTP is theobject-level solution, de�ned asa numericas-
signmentto eachof thetimepointsin X , suchthatall theconstraintsin C aresatis�ed.
A secondtypeof solutionis ameta-CSPsolution. Here,insteadof directlyconsidering
assignmentsto thetimepointsin X , ameta-variableis createdfor eachconstraintin the
DTP, whosedomainis simply the setf ci 1; ci 2; : : : ; cin i g of disjunctsonecanchoose
to satisfyCi . A completeassignmentin the meta-CSPthus involvesa selectionof a
singledisjunctfor eachconstraint,commonlyreferredto asa componentSTP, which
representsasetof object-level solutions.

A DTPwith Preferences(DTPP)[19] extendsaDTPby replacingthehardinterval
of eachdisjunctcij with a preferencefunction hf ij : < ! Ai that mapsevery tem-
poraldifferenceto a preferencevaluefrom a setA , expressingits relative utility [11].
Following DTPPconvention,we takeA = < .3

GivenanassignmentS to theDTPPD, thepreferencevalueof a disjunctive con-
straintCi 2 C is de�ned to bethemaximumvalueachievedby any of its disjuncts:

valD (S; Ci ) = max
cij 2 D (C i )

f ij (S(x ij ) ¡ S(yij )) (1)

With theinclusionof preferences,we areno longerconcernedwith simply �nding
a feasibleassignment;wealsowantasolutionof highquality. This requiresusto spec-
ify an objectivefunctionwith respectto eachof the individual preferencefunctions.
Previouswork hasfocusedonobjectivescorrespondingto threenotionsof optimality.

Oneof the earliestobjectives to be consideredis maximinor WeakestLink Opti-
mality (WLO) [11,12], in which the global valueof an assignmentS is equalto the
minimalpreferencevaluesatis�edby theassignment:

valD (S) = min
i

(valD (S; Ci )) (2)
3 Our de�nition re�nes theoriginalDTPPspeci�ed in [19], whichde�ned preferencefunctions

only over feasibleregionsof disjuncts.By convention,whenA = < , 0 is theminimumpref-
erencevaluethatcanbeobtainedby anassignmentthatsatis�estheconstraint.



Fig.1. Tuesdayafternoonschedule

WLO correspondsto optimality with the fuzzy semiring[11]. WhenusingWLO,
solutionsarecomparedmyopicallyusingonly the“weakestlink” in eachsolution;no
creditis givenfor satisfyingotherconstraintsatveryhighlevels.Despitethisdrawback,
WLO is appropriatein many situations,andoptimally solving DTPPsusingWLO is
only slightly moreexpensive thansolvingDTPs[19].

The secondtype of objective that hasbeenexplored is utilitarian optimality, in
which theglobalvalueof anassignmentS is equalto thesumof thepreferencevalues
of theindividual constraints[18]:

valD (S) =
X

i

valD (S; Ci ) (3)

Only recentlyhave approachesbeendevelopedfor performingutilitarianoptimiza-
tion of a DTPP;all, includingtheleadingsolver [17], canhandleproblemscontaining
complex piecewise-constantpreferencefunctions.

Thethird typeof objective is strati�ed egalitarian (SE)optimality. SE-optimalso-
lutionsarethesetof WLO-optimalsolutionsthatarenot Pareto-dominated— a subset
of theParetofrontier. In thecaseof SimpleTemporalProblemswith Preferences,this
setcanbeobtainedberepeateduseof a WLO solver. SEoptimality, however, hasnot
beenexploredfor DTPPs.

4 Multi-Criteria DisjunctiveTemporal Problemswith Preferences

In a sense,theextensionsof preferencesto temporalCSPsdescribedabove canmodel
situationsthat containmultiple criteria, in which eachconstraintis a singlecriterion
to optimize,andwherethe objective function de�nes a simple,�x ed way to combine
thesecriteria.Regardlessof which objective functiononethuschoosesfor the DTPP,
thereis anunderlyingassumptionthatcriteriaandtheconstraintsgohand-in-hand.The
following examplemotivatesusto seekamoreexpressive formalism.

4.1 A Moti vating Example

On Tuesdaymorning,Alice realizessheneedsto schedulea 90-minuteprojectmeet-
ing with her colleaguesBob andChris.The meetingneedsto happensoon,but Alice
needstime to prepare,soshetasksherautomatedschedulingtool to arrangea meeting
sometimeonTuesdayafternoon.



Fig.2. Exampleof asoft overlapconstraintfor anew meeting(M ) andanexistingmeeting(E )

Bob's scheduleis formulatedaroundhis youngchildren.He getsto theof�ce early
but leavesat 16:00to collectthemfrom childcare.He makesup thetime by not taking
lunch.Chris,like Alice, hasa moretypical workdaythat includeslunchfrom 12:00to
13:00.Alice hasanexistingcommitmentfrom 14:00to 15:00,but it is of lowerpriority.

Theschedulesof thethreepeoplefor theafternoonareshown in Fig. 1. Theheav-
ily shadedtimesareoutsideworking hours,the lightly shadedtimesrepresentlunch
preferences,andtheruledtimesrepresentexistingcommitments.

If we representthe start- and end- points of meetingsand activities as temporal
variables,the schedulingproblemarising from this meetingrequestcanbe castasa
DTP. However, it can be seenby inspectionthat Alice's requestcannotbe ful�lled:
theproblemis over-constrained.A solutioncanbefoundby relaxingtheconstraintsin
variousways,suchas:(a)shortendesiredduration;(b) relaxnon-work hours(e.g.,Bob
leaveslaterin theday);(c) overlapwith theexistingevent;(d) move theexistingevent;
(e) shortenor canceltheexistingevent;or (f) changerequestedmeetingday.

To encodethesevariousrelaxations,onecanwidenthefeasibleregion of theorig-
inal temporalconstraintsandde�ne preferencesover the larger intervals (resultingin
DTPPconstraints).For example,wecanexpressthatthenew meeting(M ) cannotover-
lapAlice's existingmeeting(E) by thefollowing hardDTPconstraint:

M S ¡ EE ¸ 0 _ ES ¡ M E ¸ 0; (4)

which canberelaxedto theconstraintandpreferencefunctionsshown in Fig. 2; these
functionsexpressthatno overlapis preferred,andthatsmalloverlapsarepreferredto
largeones.

Althoughtheproblemcanbecastasa DTPPin this way, thechoiceof which (pos-
sibly relaxed) candidatesolution is bestvarieswith the individual. In evaluatingthe
candidates,emphasismayvary betweenthe importanceandthesatisfactionof criteria
suchas:(1) personalmeetingtimepreferences;(2) duration;(3) participants;(4) meet-
ing location;(5) degreeof overlapwith existing calendarevents;and(6) the meeting
time preferencesof others.Besidesshowing that thechoiceof anoptimalsolutionis a
personalone,theexampledemonstratesthatmultiplecriteriain�uence thisdecision.

A commonattemptto capturethe desiredtrade-offs betweencriteria is with a
weightedsumobjective function (i.e., utilitarianism).However, it is well-known that
a weightedsumcanexpressonly limited forms of dependenciesbetweencriteria [9,
13]. For instance,a weightedsumcanexpressthatcriteriaareequallyimportant,but it



cannotexpressthatcriteriashouldbebalanced. In ourexample,considerthreecriteria,
C1, C2, andC3 (onefor the time preferencesof eachperson),andtwo candidatetime
slots12:30–14:00and15:00–16:30.The�rst time slot violatesthelunch-timeplansof
bothAlice andChris;thesecondslot is astrongerviolationof Bob'sneedto pick uphis
children.The choiceis thereforebetweena time very undesirablefor onepersonand
a time slightly undesirablefor two. The latter will likely be preferredif Alice desires
balancebetweenthecriteria.4

More concretely, considermappingthesequalitative preferencesontoa [0; 1] scale
for eachcriterion, where 1 indicatesfull satisfaction. Supposethat meetingduring
lunchtimereducessatisfactionto 0:6, andthatmeetingduringnon-work hoursreduces
satisfactionto 0:3. The12:30slotviolatesthelunchpreferencefor bothAlice andChris
(C1 = 0:6, C2 = 1:0, andC3 = 0:6) andachievesa weightedsumof 2:2 (assumingall
weightsare1). The15:00slot violatesBob's non-work hours(C1 = 1:0; C2 = 0:3, and
C3 = 1:0) andachievesthegreatersumof 2:3. Thus,thetimesigni�cantly inconvenient
for Bob(theunbalancedsolution)is chosen.For thistrivial example,it is easyto choose
satisfactionlevels in a way that coercestheweightedsuminto choosingthebalanced
solution.Thismethodfails,however, whencomplexity increases;for example,asecond
inter-criterionpreferencemayrequirelevelsinconsistentwith the�rst.

In contrastto utilitarian optimality, maximinoptimality cansomewhatcapturethe
notion of balancedsolutions,but its myopic naturecausesit to ignoreall constraints
excepttheweakestone.Althoughlessmyopic thanmaximin,SEoptimality is limited
to asubsetof theParetofrontier, andin any casehasnotbeenappliedto DTPPs.

Situationssimilar to our examplerequirea mixtureof objectives,demandingboth
thesensitivity of utilitarianismandtheworst-casesafeguardsof maximin.This drives
us to seeka moreexpressive extensionof the DTPPformulation to capturemultiple
criteriaandtheir interactions.

4.2 The Multi-Criteria DTPP

We de�ne a new temporalconstraintoptimizationformalism,in which the aforemen-
tionedlimitationsof theDTPPareresolvedby incorporatinghigher-level criteria.This
is achieved by a representationthat explicitly modelscriteria assubsetsof soft con-
straints,andemploys anaggregationfunctionin theMAUT (multi-utility decisionthe-
ory) fashionto combineandtradeoff thecriteria.

De�nition 1. A Multi-Criteria DTPP(MC-DTPP)is de�nedbyhX ; C; S; Ai , whereX
andC are asin a DTPP, S is a setof m criteria fC1, C2, . . . , Cm g where each element
Ci is a subsetof C, andA is a triangular matrixof coef�cients in therange [¡ 1; 1].

The intuition behindthis augmentedformalismis thateachcriterionCi capturesa
particularfeatureof theproblem.For instance,Ci mightcorrespondto all theconstraints
involvedin a singleuseri 's schedule,or to thesetof all constraintsover thedurations

4 Thespreadconstraintis anotherwayof expressingbalancebetweenfeaturesof asolution[20].
Thebalancesoughtis not betweencriteriaaswe have de�ned them,but numericallybetween
themeanandskew of asetof assignedvalues.



of activities. In effect,any featureof theconstraintproblemthatinvolvesa coalitionof
constraintscanberegardedasaseparatecriterion.5

For anobject-level assignmentS to anMC-DTPPD, we de�ne theutility ui of a
criterionCi astheproportionof thecombinedpreferenceachievedby theconstraintsin
its scope:

ui =

P
C j 2C i

valD (S; Cj )
P

C j 2C i
maxD (Cj )

(5)

Hence,ui is a fuzzymeasure [15] takingtherange[0; 1]. If all constraintsaresatis-
�ed at their lowestpreferencelevels,this resultsin autility of 0; conversely, autility of
1 indicatesthatall constraintsaremaximallysatis�ed.

Theglobalvalueof anMC-DTPPD for a givenassignmentS is (asexpected)an
aggregationof thevaluesof the individual criteria.More speci�cally, we de�ne it asa
functionparameterizedby thecoef�cients aij in A:

valD (S) =
X

i

aii ui +
mX

i =1

mX

j = i +1

aij min (ui ; uj ) (6)

Sincethecriteriavaluesarenormalizedto [0; 1], thisaggregation(6) of valuesfrom
the object-level solutionS to global valuevalD (S) correspondsto a form known in
MAUT asthetwo-additiveChoquetintegral [13].6

Thecoef�cients in A form a triangularmatrix.A diagonalcoef�cient aii expresses
therelative importanceof thevalueof criterionCi in relationto thevaluesof theother
criteria.Thenon-diagonalcoef�cients aij expressthe interaction(positive or negative
correlation)of thevaluesof criteriai andj .

The importancecoef�cients aii take valuesin [0; 1]. A value of 0 indicatesthat
criterion Ci contributesnothingtoward the global value(i.e., featurei taken by itself
hasno signi�cancein theoverall preferenceaggregation),while a valueof 1 indicates
thatCi contributeswith relatively maximalimportance.

Thecorrelationcoef�cients aij takevaluesin [¡ 1; 1]. Theimportof theirmagnitude
jaij j is similar to thatof theimportancecoef�cients: jaij j = 0 indicatesno correlation
betweenCi andCj (featuresi andj areindependentin theoverall preferenceaggrega-
tion), while jaij j = 1 indicatesrelatively maximalcorrelation(featuresi andj have
maximal in�uence on one another).The sign of the correlationcoef�cient indicates
complementary(if aij > 0) or substitutive (if aij < 0) behaviour. That is, if aij > 0,
a solutionS mustbe “good” on bothcriteria to beconsideredgood(i.e., morehighly
preferred)overall. In contrast,if aij < 0, it suf�ces for only oneof the criteria to be
highly preferredfor S to beconsidered“good” — in this case,thenegative correlation
termservesto cancelthecontributionof thecriterionwhosepreferencelevel is weakest.

5 The MC-DTPP can be de�ned in a more generalform, wherethe level participationof a
constraintin a criterion is speci�ed asa numericweight. For the purposeof simplicity, we
focuson thecaseof binarymembership.

6 We refer to [15] for detailson the derivation. Note that, sincewe de�ne u i in termsof the
satisfactionof theconstraintsin thescopeof criterionCi , we automaticallyhave anordering
onui ; thatis, highervaluescorrespondto morepreferredsolutions.



Theaggregationof themultiple criteriade�ned by (6) employs a subsetof thefull
Choquetintegral formalism[13]. Thetwo-additiveChoquetintegralweadopthasbeen
foundto provide a practicalcompromisebetweenversatilityandrepresentationalcom-
pactness[14]. In fact,thereexistsa theoryandpracticalmethodsfor eliciting thecoef-
�cients A, from thepreferencesof auser, andfor explainingthesigni�canceof optimal
decisionsaccordingto (6). For detailsof thesemethods,which lie outsidethescopeof
thispaper, we referto [14,15].

The MC-DTPP can expressany of the DTPP objective functionsthat have been
consideredin prior work. For example,utilitarian optimality (3) is modelledby aii =
1 8i andaij = 0 8i; j . A local approximationof maximin optimality (2) is modeled
by the two-additive Choquetintegral whenaii = 0 8i andaij = 1 8i; j . Strati�ed
egalitarianoptimality is thencapturedby the subsetof thesemaximin solutionsthat
intersectthe Paretofrontier [14]. Finally, exact maximin optimality is achieved using
thefull Choquetintegral.7

ExtendingtheMC-DTPPto thefull Choquetintegral representationposesno con-
ceptualproblem:we replacetheglobalevaluationfunction(6) with them-additive in-
tegral,andextendthecoef�cients A of anMC-DTPPto includeonecoef�cient for each
subsetof thesetof m criteria.

The theoryof Choquetintegralsallows us to asserta partial orderover solutions.
Namely, S ¹ T if andonly if valD (S) · valD (T) [13,8], providing a well-founded
evaluationfunctionof thepreferenceaggregationof solutionsto anMC-DTPP. In the
sequel,wedevelopalgorithmsto obtainfeasibleandglobally-preferredsolutions.

Looking back to our schedulingexample,we canview the constraintsneededto
representthe problemas belongingto one or more of the criteria. For example,all
temporalconstraintsrelatedto Bob's meetingtime preferencesaremappedto C2. The
preferencevaluesfor theseconstraintsareaggregatedandnormalizedontoa[0; 1] scale
by (5), producingthe u2 value in the Choquetfunction. In this simple example,we
haveonly oneconstraintfor eachof ourcriteria.In areal-world schedulingapplication,
however, wehave many constraintsmappingto somecriteria[1].

The quantitative exampleof Section4.1 assumedthat a11 = a22 = a33 = 1, pro-
ducingweightedsumsof 2:2 and2:3 for the12:30and15:00time slots,respectively.
Within the Choquetobjective function (6), the preferencefor balanceis modelledby
theaij coef�cients. Whenall aresetto 1, it indicatesthateachpairof criteriaarecom-
plementary, andcontributesto theaij min (ui ; uj ) terms.For the15:00slot, the terms
in theChoquetfunctionarea11u1 = 1:0; a22u2 = 0:3; a33u3 = 1:0, a12min (u1; u2) =
0:3; a13min (u1; u3) = 1:0; and a23min (u2; u3) = 0:3, which sum to 3:9. For the
12:30slot,all threeinteractiontermsevaluateto 0:6, producingaChoquetvalueof 4:0.
Thus,theinteractiontermsarecritical in identifying theoptimalsolution.

5 Algorithms for SolvingMC-DTPPs

Theexpressive power of theMC-DTPPis of no valueunlesswe cancomputerelevant
solutions.We presenttwo preliminaryalgorithmsfor performingoptimizationof the

7 In fact,dueto theform of themaximinsolutionde�nition, only theorder-m termsareneeded.



MC-DTPP, whichrely onthenotionof preferenceprojections[11]. A DTPPpreference
projectionessentially“slices” a DTPPconstraintinto a setof intervals thatproducea
preferencevaluegreaterthanor equalto somespeci�edlevel l .

De�nition 2. Givena DTPPconstraint Ci = ci 1 _ ci 2 _ ¢¢¢_ cin , thepreferencepro-
jection at level l for Ci is P i [l ] =

S n
j =1 P ij [l ], where P ij [l ] = f cij 1; cij 2; : : : ; cij n g

with cij k = haij k · x ij ¡ yij · bij k i , bij k < aij (k+1) for 0 · k < n andS n
k=1 [aij k ; bij k ] = f t jf ij (t) ¸ lg.

We usethe preferenceprojectionto convert an MC-DTPP into a ProjectedMC-
DTPP. Theconceptis to createmultiple(weighted)DTPconstraintsfor eachindividual
DTPPconstraint:onefor eachdistinctpreferencelevel.8 Let D 0 beanMC-DTPPwith
constraintsC0

1; : : : ; C0
n . CreateProjectedMC-DTPPD by, for eachconstraintC0

i :

– CreateaconstraintC<i; 0> =
W

P i [0] in D , andassignit aweightwi; 0 = 1 . Setl
to zero.

– Find thesmallestl0 > l suchthatP i [l0] 6= P i [l ].
– CreateaconstraintC<i;l 0> =

W
P i [l0] in D , andassignit aweightwi;l 0 = (l0¡ l ).

Setl to l0.
– Iterateuntil a level l0 is reachedsuchthatP i [l0] = ®.

The transitionto a ProjectedMC-DTPPallows us to exploit themeta-CSPsearch
spacecommonlyusedin disjunctive temporalreasoning.Speci�cally, we cancreatea
meta-variablefor eachprojectedconstraintC<i;l > , whosedomainis theassociatedset
of disjunctsor intervals.Any assignmentto thisvariablecanbeviewedassatisfyingthe
original constraintC0

i at preferencelevel l (whereastheabsenceof anassignmentcan
beregardedasits explicit violation).

5.1 A Branch-and-BoundMethod

Using this ProjectedMC-DTPPreformulation,we �rst describea branch-and-bound
algorithmfor computingoptimal solutions;pseudocodeis given in Fig. 3. The input
variableA is thecurrentsetof assignmentsto meta-variables,andis initially ®; variable
U is thesetof unassignedmeta-variables(initially, theentiresetC); a globalvariable
s* storesthebestsolutionthathasbeenfound,andis initially nil.

Thealgorithm,which takesanapproachsimilar to thatin [17], resemblestheback-
tracking searchcommonlyusedfor solving traditional DTPs, but with two notable
differences.First, backtrackingoccursonly whenthe valueof the partial assignment
val(A) is worsethan that of the bestknown solution; in a standardDTP solver, all
constraintsmustbesatis�ed,andthusbacktrackingoccurswhenever any constraintis
violatedin thepartialassignment.Second,in additionto thevaluesin theoriginal do-
mainsof themeta-variables,thereis thepossibilityof anemptyassignment(`²'), and
sothebranchingfactorincreasesby exactlyone.

Due to its strongresemblanceto a standardDTP search,this branch-and-bound
algorithmfor solving MC-DTPPsallows the direct incorporationof several powerful

8 As in prior DTPPliterature[19,17], we assumethat thepreferencefunctionshave beendis-
cretizedinto piecewise-constantform.



Solve-MC-DTPP(A, U)
If (s* 6= nil & val(A) · val(s*)) thenreturn
If (U = ®) thens* Ã A ; return
Ci Ã select-variable(U), U0 Ã U ¡ f Ci g
For eachdisjunctcij of D (Ci )

A0 Ã A [ f Ci Ã cij g
If (consistent(A0)) thenSolve-MC-DTPP(A 0, U0)

EndFor
A0 Ã A [ f Ci Ã ²g
Solve-MC-DTPP(A0, U0)

Fig.3. A branch-and-boundalgorithmfor solvingMC-DTPPs

MCS
u Ã (u1 ; : : : ; um )
s* Ã nil, sÃ nil, c Ã 0, local Ã false
While (not checkTermination(local, s*, s, u))

If (c = 0) thenc Ã getFirstCriterion(u)
Elsec Ã getNextCriterion(s*, u)
local Ã setLocalConstraint(s*, u, c)
sÃ maximize(uc , getStrategy(c))
removalLocalConstraint(local)
If (s6= nil) thens* Ã s

EndWhile
returns*

Fig.4. TheMCS algorithmfor solvingmulti-criteriaoptimizationproblems

techniquespreviously developedin the DTP literature.As mentionedearlier, a recent
variationon thisalgorithmfor solvingDTPPs[17] hasprovenextremelyeffective.

5.2 An Multi-Criteria Search Method

Thesuccessof thebranch-and-boundalgorithmfor DTPPsmakesit anattractive can-
didatefor MC-DTPPoptimization;however, thepresenceof multiple criteriapresents
uniquechallengesandopportunitiesthat do not arisewhensolving the DTPP. While
it mayberelatively straightforwardto de�ne a searchstrategy (i.e., variableandvalue
orderingheuristics)for anaggregationof preferenceswithin a singlecriterion,sucha
strategy maynotnecessarilybeappropriatewhenthereexist severalcriteriacompeting
to contributeto theglobalobjective function.

In response,we turn to theMulti-Criteria Search(MCS) framework [8] introduced
in Section2. Ratherthan employing a single branch-and-boundsearchto maximize
theglobalobjective function,MCS executesa seriesof mono-criterionsearches,each
�ne-tuned to maximizethe utility of a singlefeatureof the problem.For eachmono-
criterion search,a setof local constraints is imposedtemporarilyto guidethe search



towardpromisingsolutions.Theseconstraintsoftenrequirestrict improvementon the
selectedcriterion,ascomparedto its valuein thebestknown solution.

A full descriptionof theMCS algorithmlies outsidethescopeof this paper;how-
ever, we provide a high-level overview, shown aspseudocodein Fig. 4, andrefer the
readerto [8] for acompletedescription.

Until theterminationconditionhasbeenreached,theprocedurerepeatedlychooses
andoptimizesanindividualcriterion.Theprocessreliesonseveralfunctions,whichwe
brie�y describe:

– checkTermination(): returnstrueif thebestknown solutions* is provablyoptimal,
andreturnsfalseotherwise.It alsoserves to imposeupperboundson the global
solutionvalue,basedon theresultof theprevioussearch.

– getFirstCriterion(): determinesthe criterion to maximizefor the �rst attemptat
mono-criterionoptimization.

– getNextCriterion(): determinesthe next criterion to maximize.Typically, it will
selecta criterion that appearsto exhibit the greatestpotentialfor improving the
overall objective function.

– setLocalConstraint(): imposesa “cut” on the searchspacevisited by the mono-
criterionsearch.Thiscutensuresthatthevaluestrictly improvesfrom theprevious
solutionfound;thatis, if getValue(s*, c) is thevalueof uc in s*, thentheconstraint
uc ¸ getValue(s*, c) will beimposed.

– maximize(): launchesthe mono-criterionsearch.The algorithmusedto perform
this searchshouldresemblethe Solve-MC-DTPP() procedurein Fig. 3, thusex-
ploiting all of its ef�cient pruning techniques.The only modi�cation is that the
valueof thesinglecriterionuc, ratherthanthatof theglobalobjective function,is
usedto guidethesearch.

– getStrategy(): describesthevariableandvalueorderingheuristicsusedfor a par-
ticular criterionc.

– removeLocalConstraint(): retractstheconstraintimposedbysetLocalConstraint().

One of the key advantagesof the MCS approachis its ability to exploit certain
propertiesof multi-criteriadecisionmakingto ensurethat the �nal solutions¤ is opti-
mal with respectto the global objective function. In fact, this guaranteecanbe made
even if the individual searchesare not complete,and insteadexplore only a portion
of thesearchspace.This, in combinationwith thepruningpower of individual search
strategies,makesMCSanextremely�e xible framework for multi-criteriaoptimization.

6 Preliminary Experimental Results

We conductedthreeexperimentsto evaluateour proposedalgorithmsfor MC-DTPP
optimization.Our goal is twofold: (1) to determineif reasoningwith MC-DTPPsis
practical;and, in particular, whetherthe complex preferenceaggregation schemeof
the two-additive Choquetintegral incurs larger computationalpenaltiesthan utilitar-
ian optimization;and(2) to determinewhetherapplicationof the MCS framework is
competitive in performancewith ourextensionof thebranch-and-boundalgorithmthat
hasproven effective on DTPPs.However, it shouldbe madeclearthat thesetestsare



far from exhaustive, dueto thewide rangeof possibleheuristics,testparameters,and
algorithmvariations.

We employ four differentalgorithmsin our experiments.Threeof thesearevaria-
tionsonasolverwenameMULTILITIS, specifyingwhichsearchstrategy to use:

1. MULTILITIS-BB (thebranch-and-boundversion);
2. MULTILITIS-MC (anMCS versionthatperformscompletemono-criterionsearches);
3. MULTILITIS-MP (anMCS versionthatperformspartialmono-criterionsearches)9.

All aredescendantsof the state-of-the-artDTPPsolver WEIGHTWATCHER [17], which
is the fourth constraintenginewe include.To empirically compareour algorithmsto
WEIGHTWATCHER is not entirely fair, sinceit performsutilitarian optimization,ignor-
ing the multiple high-level criteria of the MC-DTPPandthusestablishingan entirely
different rankingof solutions.Even so, this comparisonwill provide insight into the
additionalcomputationalexpense(if any) of multi-criteriaoptimizationover utilitarian
optimization.10 All experimentswererunona2.26GHzPentium4 with 1GBof RAM.

Thereremainsanunfortunateabsenceof real-world benchmarksin temporalprefer-
enceliteraturewith whichto provideanempiricalcomparisonof solvers.Consequently,
we begin by employing a problemgeneratorthathasbeenusedin recentDTPPstud-
ies [17]. The DTPPsproducedby this generatorarecharacterizedby the parameters
hE; C; k; L i , whereE is thenumberevents(or time points),C is thenumberof con-
straints,k is thenumberof disjunctsperconstraint,andL is thenumberof preference
levels. We augmentthis generatorwith two additionalparameters,hm; pi : m is the
numberof criteria, andp is the probability that any constraintCi will appearin the
scopeof aparticularcriterionCi .

In our �rst experiment,we testtheability of thesealgorithmsto scalewith problem
size.Theability to performwell on thissetof testsis especiallyimportant,sinceunlike
other problemparameters(suchas the numberof preferencelevels), the size of the
problemis often dif�cult for a knowledgeengineerto control directly. We hold �x ed
the following parameters:f L = 6; k = 2; m = 6; p = 0:25g, andvary the number
of constraintsC from 12 to 40, keepingthe numberof eventsE at 3

4 C to maintaina
constantconstraintdensity. The problemsat the larger endof this spectrumarequite
dif�cult, sincethenumberof purelydisjunctiveconstraintsleadsto adeepsearchtree.

Fig. 5 displaysthe resultsof this experiment.The numberof constraintsin the
problemis shown on the x-axis, and on the y-axis is the medianrunning time over
30 instances(notethe logarithmicscale).As expected,thecomputationtime required
by all algorithmsgrows with thenumberof constraints.As canbeseenby comparing
MULTILITIS-BB andWEIGHTWATCHER, the branch-and-boundapproachusedfor multi-
criteria optimizationdoesnot appearto be noticeablymoreexpensive thanwhenit is
usedfor the simplercaseof utilitarian optimization.Further, the applicationof MCS
usingcompletemono-criterionsearchesis effective,asMULTILITIS-MC outperformsall
otheralgorithms.However, the runtimeof MULTILITIS-MP indicatesthat muchof this

9 In our implementation,eachpartialsearchreturnsoncea singleimprovedsolutionis discov-
ered.However, asnotedearlier, optimalityandthussolutionquality is unaffected.

10 The choiceto comparewith utilitarian optimization(as opposedto maximin) is due to its
strongresemblanceto themannerin whichourcriteriaareevaluatedindividually.
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improvementis lost whenMCS is appliedwith only partial mono-criterionsearches.
Similar resultsareobservedin oursecondexperiment,wherethenumberof preference
levelsis varied(seeFig. 6).

In our �nal experiment,we soughtto explorethecharacteristicsof thesesolverson
morerealistictypesof problems,sincerandomlygeneratedtestcasestypically offer lit-
tle insightinto thepracticalperformanceof analgorithm.As thereappearsto benosuch
setof realisticbenchmarksin theliterature,wehavedevelopedanentirelynew suiteof
testcasesdrawn from our motivating domainof meetingscheduling[16,1]. Eachof
these40 benchmarkscorrespondsto a complex schedulingrequestinvolving many of
the issuesre�ected in our earlierexample(e.g.,non-overlapconstraints,�e xible dura-
tions,severalparticipants,andcompetingcriteria).Thenumberof constraintsin these
problems(includingsimpletemporalconstraints)variesbetween480and790,with the
averagesitting closeto 600.Thus,our algorithms(andotherDTPPalgorithms)scale
to largerproblemsthansuggestedby Figs.5–7;thepresenceof many simpletemporal
constraints(commonin real-world problems)contributesa negligible to performance,
comparedto thenumberof purelydisjunctive constraints.



Fig.7 displaystheresultsonthesereal-world benchmarks.Sincewearenotvarying
problemsacrossany particulartestparameter, weshow thecumulative timerequiredto
solve the40 instanceswhensortedin orderof increasingdif�culty (ratherthanreport-
ing themedian).Thebranch-and-boundandcompleteMCS incarnationsof MULTILITIS

bothappearrathercompetitive on thenew setof problems.Further, theutilitarian opti-
mizationthatWEIGHTWATCHER performsmoreef�ciently thanany of themulti-criteria
approaches(though,for mostproblems,by only a narrow margin). This is something
thatwasnotobservedin therandomlygeneratedproblems.

In summary, ourpreliminaryexperimentsaddressourgoalsby showing that(1) the
timerequiredto optimallysolveMC-DTPPsis comparableto thatof optimallysolving
DTPPs;and(2) theMCSapproachfor solvingMC-DTPPscancompetewith (andoften
outperform)thebranch-and-boundapproach.

7 Conclusionand Futur eWork

Wehavedevelopedanew formalismfor temporalreasoningwith preferencesandmul-
tiple optimizationcriteria,theMulti-Criteria DisjunctiveTemporal Problemwith Pref-
erences(MC-DTPP).To ourknowledge,this is the�rst timethattheapproachof Multi-
AttributeUtility Theoryhasbeenspeci�cally appliedto constraint-basedtemporalop-
timizationproblems.

The expressive power of the MC-DTPPgoesbeyond any of the simpleaggrega-
tion methodsimplicit in theDTPPobjective functionsstudiedin theliterature,or their
combination.TheMC-DTPPallows usbroadfreedomto expresscomplex preferential
relationshipsandconsidera wide spectrumof balancing,combination,and trade-off
betweenmultipleoptimalitycriteria.Suchanexpressivepower is necessaryin domains
suchascalendarmanagement;indeed,MC-DTPPshave beenadoptedin a deployed
schedulingsystem[1].

We usea restrictedform of the generalMAUT framework in that the MC-DTPP
expressesfeaturesof a DTPP problemsolely in termsof subsetsof the constraints.
Theimplementationof our currentalgorithms— designedto validatethefeasibility of
reasoningwith MC-DTPPs,ratherthanbe the last word on their solving — depends
on a secondrestriction:that the aggregation function is the two-additive Choquetin-
tegral ratherthanthe generalinstance.Thesetwo factorsenablethe effective solving
of MC-DTPPs,despitetheNP-hardnessof DTP solving,themultiple criteria,andthe
expressive preferences.

Besidesdemonstratingthe computationalef�ciency of reasoningwith MC-DTPP,
ourempiricalresultssuggestthatdedicatedmulti-criteriaoptimizationalgorithmsshow
promiseasa meansto ef�ciently handlecomplex preferencesin constraint-basedtem-
poralreasoning.In thefuturewe planto studyat greaterdepththestrengthsandweak-
nessesof theMCS andbranch-and-boundalgorithms,in orderto pursueahybrid solver
thatcombinesthequalitiesof both.
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