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Abstract Data uncertainties are inherent in the real world. Theuncertain CSP
(UCSP) is an extension of classical CSP that models incomplete and erroneous
data by coefficients in the constraints whose values are unknown but bounded,
for instance by an interval. Formally, the UCSP is a tractable restriction of the
quantified CSP. The resolution of a UCSP, a set of its potential solutions called
a closure, can take different forms according to the user’s requirements and the
nature of data uncertainty in the problem specification. In a former paper we
presented mainly the full closure, the set of all potential solutions, which finds
application in diagnosis problems where the existence of any potential solutions
is an objective by itself. In this paper, we develop other commonly-useful closures
such as the covering set (found in contingent planning problems) and the most
robust solution (found in conformant planning problems). We formally define
different closures as solutions to a UCSP model, relate them in a hierarchy, and
outline means to derive them from one another.

1 Introduction

Across numerous applications, real-world Large Scale Combinatorial Optimisation prob-
lems (LSCOs) are permeated by data uncertainty. Despite its successes, it is recog-
nised that the classical constraint satisfaction problem (CSP) is inadequate as a model
of LSCOs with uncertain data. For bounded data uncertainty (as opposed to stochas-
tic [14]), increasing attention has turned to modelling these problems with variations of
quantified CSP(QCSP), particularly over the reals [2,5,15]. Applications with bounded
uncertain data include camera control [5], engineering design [1], network inference
[19], and robot motion [11]. In such applications, where a probabilistic description of
the data uncertainty is not available or not meaningful, bounding the uncertainty models
data where values are unknown but can be bounded with definite available knowledge.

Although solving the general quantified CSP is substantially more difficult, com-
pared to the classical CSP, its full expressive power is, fortunately, not necessary for
all forms of uncertainty. Theuncertain CSP(UCSP) was introduced in [19] to model
LSCO problems with incomplete and erroneous data, without approximation of data or
potential solutions. Driven by practical considerations, a UCSP provides a formal model
as a tractable restriction of the general QCSP; efficient solving of a UCSP exploits its
restricted quantification.

The resolution of a UCSP can be the set of all potential solutions (previously in-
troduced as itsfull closure), or a subset of it. The resolution sought depends on the
problem. In [19] we presented the full closure, which is required in diagnosis problems
such as some forms of network inference subject to data measurement errors. How-
ever, depending on her application, the user may be interested in one or more aspects
of the potential solutions. For planning the control of aerospace components [21], for



instance, a UCSP model is suitable but the resolution sought is a plan of operation for
each anticipated environmental uncertainty. The UCSP reliably captures the nature of
uncertainty in the data and the solution sought. This corresponds to acovering set: a set
of solutions that contains at least one solution (not necessarily all potential solutions)
for each anticipatedrealisationof the data parameters.

Contrasting with alternative approaches to uncertainty like the stochastic CSP [14]
— where with a probabilistic model one would naturally seek robustness since by
essence the representation of uncertainty goes in hand with seeking a solution state
that is most likely to occur, given the knowledge of the data — we show that the UCSP
model is not bound to a certain form of solution. One can seek to enclose data errors
with certainty (full closure), or to reason alternatively with uncertainty (another clo-
sure), according to the user’s requirements.

To meet the need for a relevant, reliable resolution to UCSPs in different applica-
tions, this paper develops further the concept of a closure. We give a systematic study
of different closures for UCSP models, depending on the application requirement, as
well as generic approaches to derive them independently of the problem specifics. Af-
ter introducing the necessary background (Sections 2 and 3), we introduce the different
closures, and formalise a hierarchy of closures, showing how they relate (Section 4).
This enables us to develop resolution forms to derive them (Section 5).

2 Related Work

Existing generic approaches to uncertain data in CP propose models and methods for
robust solutions to the problem. Themixed CSPframework [7], defined for discrete
data and variables, seeks a solution that holds under the most possible realisations of
the data (a most robust single solution) or a conditional decision that depends on the
observed data realisation. Thestochastic CSPframework [14] attaches a probability
distribution to parameters and seeks a solution (which may be a policy) that maximises
expectation or a related objective. When exploited for uncertain data, thefuzzy CSP[6]
seeks a solution most satisfied “whatever the value of [the data] turns out to be”. In a
related vein, the super CSP framework [10] seeks solutions requiring little repair when
the data changes. In all these cases, the resolution of the model is defined (if implicitly)
in terms of thesupportrelationship between data realisations and potential solutions.

The purpose of computing robust solutions is to ensure that whatever the real world
situation, the solution holds under most cases. Whether a robust solution is adequate for
resolving an uncertain LSCO depends on the nature of the uncertainty and the sought
outcome [19]. For instance, when handling data errors one is certainly not looking for
a solution that satisfies as many erroneous models as possible.

In contrast to approximation or stochastic approaches, the UCSP model is based on
the paradigm ofconvex modelling(of which interval analysis over the reals is a simple
instance), as used in control theory and operational research on continuous problems to
obtain an enclosure guaranteed to contain the true solution [12]. In these applications,
convex modelling essentially derives the full closure, since the uncertainty chiefly arises
due to bounded measurement errors in the data, thus entailing the full closure as the
sought solution. Within CP, the UCSP approach is most closely related to work such
as [2, 5], who seek a reliable solution set in the presence of uncertain data, by using
quantified constraints over the reals.



3 Background

A classical CSP is a tuple〈V,D, C〉, whereV is a finite set of variables,D is the set of
corresponding domains, andC = {c1, . . . , cm} is a finite set of constraints. A solution
is a complete consistent value assignment. We represent a CSP by a conjunction of
its constraints

∧
i ci (as opposed to the set of its allowed tuples); hence we will define

functions that operate equally on a single constraint or a CSP. Similarly, we represent a
solution or set of solutions to a CSP by a conjunction of constraints.

A constraint is a relation between constants, variables and function symbols. The
constants we refer to ascoefficients. A coefficient may becertain (its value is known)
or uncertain(value not known). In a classical CSP, all the coefficients are certain. We
call an uncertain coefficient aparameter. The set of possible values of a parameter
λi is its uncertainty set, denotedUi. We say anuncertain constraintis one in which
some coefficients are uncertain. Observe that the coefficients in an uncertain constraint
are still constants; merely as parameters their exact values are unknown. For example, if
the parameterλ1 has uncertainty setU1 = {0, 1, 2}, the constraintX < λ1 is uncertain.

A data realisationfixes the parameters to values from their uncertainty sets. Any
certain constraint corresponding to a realisation is arealisedconstraint, denoted̂c ∈ c.
An uncertain constraint can have many realisations, as many as the size of the Cartesian
product of uncertainty sets involved. We writeC for the set of all (uncertain) constraints
in a constraint domain, and̂C ⊂ C for the set of all (certain) realised constraints.

3.1 Uncertain CSP

Theuncertain CSPextends a classical CSP with an explicit description of the data that
allows us to reason with the uncertainty to derive reliable solution enclosures.

Definition 1 (UCSP).Anuncertain constraint satisfaction problem〈V,D, Λ,U , C〉 is a
classical CSP〈V,D, C〉 in which some of the constraints may be uncertain. The finite
set of parameters is denoted byΛ, and the set of corresponding uncertainty sets byU .

Example 1.LetX1 andX2 both have domainsD1 = D2 = [1, 5] ⊆ Z. Let λ1 andλ2

be parameters with uncertainty setsU1 = {2, 3, 4} andU2 = {2} respectively. Consider
three constraints:c1 : X1 > λ1, andc2 : |X1−X2| = λ2, andc3 : X2−λ1 6= 1. Writing
V = {X1, X2}, D = {D1, D2}, Λ = {λ1, λ2}, U = {U1, U2}, andC = {c1, c2, c3},
then〈V,D, Λ,U , C〉 is a UCSP. Note thatc2 is a certain constraint;c1 andc3 are both
uncertain constraints. ut

We say that any certain CSP̂P , corresponding to a realisation of the parameters of
P , is a realised CSP, and writeP̂ ∈ P . Observe that a UCSP is the disjunction of its
realised CSPs. Ifr is a realisation and̂P is a corresponding realised CSP, for a solution
s of P̂ , we say that the realisationr supportss, ands coversr.

Thecomplete solution setCl(P ) of a UCSPP is the set of all solutions supported
by at least onerealisation. Each element ofCl(P ) is called apotential solution. The
resolution to a UCSP model is aclosure: a set of potential solutions, i.e. a subset of
Cl(P ). If the closure is the entire solution space, we say it is thefull closure. The task
we address in this paper is formalising the nature of and relation between closures,
and developing methods to derive meaningful closures other than the full closure. For
reasons of space, our examples are mostly arithmetic constraints.



Example 2.Let P be the UCSP of Example 1. The full closure ofP in tuple nota-
tion is (X1, X2) ∈ {(3, 1), (3, 5), (4, 2), (5, 3)}. For comparison, a covering set clo-
sure of minimal size (which we formally define in the next section) is(X1, X2) ∈
{(3, 1), (5, 3)}, since this solution set covers all three realisations(λ1 = 2∨ 3∨ 4). ut

An uncertain CSP is a restriction of a general QCSP, if we view parameters as
existentially quantified variables. In a QCSP variables may be arbitrarily existentially
(∃) and universally (∀) quantified. This means the complexity of solving a QCSP is
significantly greater than solving a classical CSP. The general problem is PSPACE-
complete, and for many constraint classes where a CSP is tractable, a QCSP is not [3].

Fortunately, the complexity of solving a UCSP is much less: deriving one potential
solution of a UCSP is NP-complete. The complexity of deriving the full closure (in con-
trast to one potential solution) isΣp

2 -complete since the set may be exponentially large.
Indeed, a potential solution to a UCSPP corresponds to an instantiation to the vari-
ables such that there exists a realisation of the parameters, such that all the constraints
of P hold; hence the quantification in a UCSP is∃∃ for the full closure. In principle, by
such a reduction to a classical CSP we can derive the full closure; in practice, less naive
methods are more effective.

3.2 Deriving the Full Closure

We briefly recall the different approaches to derive the full closure first presented in [19]
since in the sequel we will adopt them to derive other types of closures.

Since a UCSP is an instance of QCSP, one approach to deriving the full closure
(and indeed other closures) is to employ general QCSP solution methods. With the
increasing interest in QCSPs, propagation-, search-, and transformation-based methods
exist for continuous and, to a lesser extent, for discrete QCSPs [2,4,5,8,9,13,15].

However, prior work on UCSPs has focused on developing two dedicated but generic
resolution forms for UCSPs. This is because, firstly, UCSPs are a restricted form of
QCSP and the restricted quantification in queries should be exploited where possible;
and secondly because we seek sets of solutions not individual solutions. But one is free
to exploit elements of generic QCSP methods where advantageous. For instance, we
can use quantified AC [4,13] as a preprocessing step.

The first specific means to derive the full closure of a discrete UCSP (i.e. with dis-
crete uncertainty sets) is to enumerate the realisations. Under each realisation, the UCSP
is a classical CSP. By finding all solutions to each such realised CSP, and combining
them, the full closure of the UCSP is obtained. As observed in [19], naive enumeration
can be improved, for example by exploiting algorithms for constructive disjunction and
by interleaving quantified AC checking.

A second means to derive the full closure is to reformulate the UCSP into a tractable
classical CSP such that the problems are equivalent. Anequivalent CSP, denotedτ(P )
with respect to a UCSPP , is such that its complete solution set coincides with the full
closure ofP . Since the complexity of enumeration can grow rapidly with the size of
the uncertainty sets, where feasible, a reformulation approach can be expected to have
much lower complexity than enumeration.

To make precise equivalence of solution sets, we define the partial order� such
that:c1 � c2 iff Cl(c1) ⊆ Cl(c2). The equivalent CSP should satisfyP = τ(P ) under
�. Formally, the equivalent CSP is found using acertain equivalence transform(CET):



Definition 2 (Certain Equivalence Transform). A mapτ : C→ Ĉ is acertain equiv-
alence transformif it (1) preserves certainty, i.e.τ(ĉ) = ĉ ∀ĉ ∈ Ĉ; and (2) is a closure
operator, i.e. is increasing, monotone and idempotent. Increasing meansc � τ(c).

The equivalent problem obtained by such a transformation may be solved with any
classical CSP methods. The process we encapsulate as asolution operator:

Definition 3 (Solution operator). Let P̂ be a certain CSP. Letφ : Ĉ → Ĉ be a map
such thatφ(C) describes a set of solutions tôP . If φ obeys the contraction, monotone
and idempotence properties, then we say thatφ is a (certain)solution operator. If further
φ(C) describes the set of all solutions tôP , we sayφ is completefor P̂ . ut

Whether by direct computation, enumeration, transformation, or other means, the
derivation of a closure is captured formally as anuncertain solution operator:

Definition 4 (Uncertain solution operator). LetP be a UCSP. Anuncertain solution
operatoris a mapρ : C → Ĉ such thatρ(C) � Cl(P ). An uncertain solution operator
ρ must obey the contraction, monotone and idempotence properties. If furtherρ(C) =
Cl(P ), we sayρ is completefor P . ut

4 Different Types of Closures

At the heart of the UCSP model and its resolution is a demand forreliablesolutions, by
which, informally, we mean faithful relative to our knowledge of the real world state. A
perquisite for a reliable solution is a reliable model, i.e. one that does not approximate
the data, but bounds it with the definite available knowledge. In concrete terms, the form
that reliable inference takes depends on two, linked issues: the requirements of the user
and the nature of the data uncertainty. In a diagnosis problem, for example, the user
simply might want to know whether there exist any realisations at all with solutions
(any good realisations); while in a planning problem, she might want to know which
realisations support which solutions. We meet the varying forms of reliable inference
by providing closures of various types in relationship with UCSP data representation.

More specifically, suppose the user specifies that she is interested in particular in-
formation as the resolution of a UCSP. This corresponds to a particular aspect of the
potential solutions. Anadequatesolution is then one that (1) comprises at least this
information, and (2) faithfully reflects our knowledge about the real-world. Hence, we
say that anadequate closureis a subset of the full closure that provides at least the
information the user requires as the resolution of a UCSP. The key questions are: what
properties make a closure often adequate, with respect to the data representation, and
how do we derive these closures?

We consider four different closures of practical significance and will show how they
can be derived when a UCSP model is used:

1. The full closure: the set of all solutions that each cover at least one realisation.
Example usage: detecting whether the model has any potential solution (thus dif-
ferentiating model inconsistency from data errors), diagnosis of the reliability of
approximation models.

2. A covering set: a set of solutions that together cover all realisations. A covering set
closure isminimal if the cardinality of this set is minimal among all such sets. Ex-
ample usage: ‘robust’ solution covering every eventuality, e.g. contingent planning.
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Figure 1. Simple hierarchy of closures. At the top of the lattice
is the full closure, at the bottom the empty closure. Illustrated
in the middle are a covering set (cs), a minimal covering set
(mcs), a robust set (rs), and the most robust solution (mrs).
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Figure 2. For Example 3, re-
alised CSPs (denoted̂P1–
P̂4) and their feasible solu-
tions (denoteda–e).

3. A robust set: a set of solutions such that each coverall realisations (not just at least
one). A robust set closure is maximal if the cardinality of this set is maximal among
all such sets. Example usage: conformant planning.

4. A most robust solution: a single solution that covers the maximal number of reali-
sations, of all single solutions. Example usage: robust solution that must be a single
solution and not a set of solutions, e.g. schedule for a staff roster [14].

We next characterise these closures formally in terms of the space of realisations and
the space of potential solutions. A simple hierarchy of closures is shown in Figure 1. The
closures form a lattice under set inclusion. The full closure is the top of the lattice, and
the empty closure (the empty set) is the bottom. Examining the hierarchy of closures,
we then will address how to derive closures, including one closure from another.

Example 3.Consider the abstract UCSP depicted in Figure 2. There are four realised
CSPs, denoted̂P1–P̂4, and five potential solutions, denoteda–e. The top of the lattice
hierarchy is the set> = {a, b, c, d, e}. The most robust solution isb; while uniquely
maximal, it does not cover all realisations (P̂2 is uncovered). Since there is no solution
that covers all realisations, the (maximal) robust set is empty. However, there are two
covering sets of minimal cardinality,{a, b} and{b, c}. ut

4.1 Support Operators

In order to define formally and derive closures, we now introducesupport operators.
A support operatortells us which realisations support which potential solutions; we
call thissupport information.3 Its inverse tells us, dually, which realisations are covered
by which solutions. The relationship between potential solutions and realisations is the
heart of the definition of closures and central to the distinction between which closure is
adequate as the resolution for a given UCSP. Moreover, support information is precisely
what we need for reasoning about elements of a closure, for instance in optimisation
(although outside the remit of this paper).

Let R be thespace of realisations, the set of all possible realisations; and letS
be thespace of solutions. Observe that for any UCSPP , its complete solution setSP
is a subspace ofS. Similarly, we define the complete realisation setRP of P ; it is a

3 Similar concepts are found in related frameworks, although not always explicitly formulated.
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Figure 3. Solutions and realisations for Example 1.

subspace ofR. Recall that the power setP(S) of a setS is the set of all subsets ofS:
for example,P({1, 2}) = { ∅, {1}, {2}, {1, 2} }.

Definition 5 (Support operator). A support operatoris a mapΣ : P(S) → P(R)
such that∀S ⊆ S, Σ(S) = R, whereR ⊆ R is a set of realisations s.t. each supports
at least onesolution inS. We write a relational inverse ofΣ asΣ-1 ⊆ P(R) × P(S),
and writeΣ-1(R) to be the projection of a tupleΣ-1(R, S) ontoP(S).

If a support operator provides all realisations that support a set of solutions, i.e.
Σ(S) = R whereR is the set ofall realisations such that each supports at least one
solution inS, we sayΣ is complete. Likewise, ifΣ-1(R) = S whereS is the set of all
solutions that cover at least one realisation inR, we sayΣ-1 is complete. ut

Example 4.For Example 1, let us represent bothS andR in the natural way with the
constraint class of tuples; the two spaces are shown pictorially in Figure 3. In the figure
we see that the full closure to the UCSP isSP = {(3, 1), (3, 5), (4, 2), (5, 3)}, and the
set of all realisations that each support at least one solution inSP isRP = {2, 3, 4}.

A support operatorΣ1 is defined by:(3, 1) 7→ 2, (3, 5) 7→ 2, (4, 2) 7→ 3, and
(5, 3) 7→ 4.Σ1 is complete: one can verify that, for instance,Σ1(SP ) = RP .

A second support operatorΣ2 is defined by:(3, 1) 7→ 2, (3, 5) 7→ 2, (4, 2) 7→ 2,
and(5, 3) 7→ 3.Σ2 is not complete, because it never includesλ1 = 4 (for example) but
this realisation supports solution(5, 3).

One relation inverseΣ-1
1 of Σ1 is defined by the tuples:2 × (3, 1), 3 × (4, 2),

and4 × (5, 3); it is not complete. Another relation inverseΣ-1
2 of Σ1 is defined by:

2× {(3, 1), (3, 5), (4, 2)}, 3× {(4, 2), (5, 3)}, and4× (5, 3); it is complete. ut

SinceΣ-1 maps realisations to solutions, we can view an uncertain solution operator
ρ in terms of a support operator inverse. Declaratively,ρ maps a UCSPP to a closure,
a subset ofCl(P ) ≡ SP . SinceP is the disjunction of all its realised CSPs, and these
are in one-to-one correspondence with realisations, we can writeρ(P ) = Σ-1

ρ for some
Σ-1
ρ , linking the operational and declarative views.

Example 5.Let ρ be an uncertain solution operator that computes the full closure for
the UCSPP of the last Example.ρ(P ) corresponds toΣ-1

2 (RP ), i.e. toΣ-1
2 acting on

the space of the realisations ofP . ut



Table 1.Levels of support information.

LEVEL INFORMATION

strongest full Σ(S) known for allS ⊆ SP
enumerationΣ(s) known for alls ∈ SP
badness whetherΣ-1(r) is empty or not for allr ∈ RP

weakest none onlyΣ(SP ) known

Remark.Note first thatΣ depends not only on the problem but also the type of closure;
just as there may be multipleρ for a problem (even for the same closure), there may
be multipleΣ. Second, in generalΣ need not be a surjective function and so need not
have a functional inverse. As a relation, however,Σ may have many relational inverses.

4.2 Calculating Support Information

To derive uncertain solution operators requires we have knowledge, in general, of which
realisations support which potential elements of the sought closure, which amounts to
knowing and having a means to computeΣ on subsets ofSP . We describe the amount of
information known aboutΣ as thelevelof support information, summarised in Table 1.
In this subsection we outline how to compute support operators; for the full descriptions,
the reader is referred to [18].

At one extreme, ifΣ(S) is known for allS ⊆ SP , then we havefull support infor-
mation. This is crucial in some applications, such as planning problems where the user
wants to know under what circumstances a plan is valid. At the other extreme, if only
Σ(SP ) is known (i.e. notΣ(S) for anyS ⊆ SP ), then we have no support information.
This suits other applications, such as diagnosis problems where the user wants to know
only what potential solutions might arise. The intermediate cases trade off knowledge
of support with the effort of computing the information. If any support information is
required by an application, the enumeration level is frequently the least information that
is useful; thus we concentrate on this case. The main exception is when the user wants
to know only about bad realisations, which we can meet with a simple list.

In the case of discrete data uncertainty, the option of exhaustive enumeration is
available since the realisation space is finite. It provides a natural way to calculate enu-
meration or badness levels of support information. In fact, search through the realisation
spaceRP , for those realisations that support a given single solutions of P , can be in-
terleaved with deriving a closure by enumeration. This search corresponds to solving a
CSPP ∂ dual to the original UCSPP . The variables in the dual CSPP ∂ are the reali-
sations ofP with domains inRP , and the constraints ofP ∂ state that a solutionr must
supports as a solution toP .

In the case of continuous data uncertainty, the question of finding a realisation that
supports a given solutions — solving the dual CSP — can be thought of as exhibiting
awitness. That is, from the continuum of realisations, find one (the witness) that shows
that s is supported. In contrast with the discrete case, analytical derivation of support



information is more feasible, because of the continuity of the realisation space: for
instance, for real-valued UCSPs with linear constraints [18].4

Whereas exhaustive enumeration is clearly undesirable with continuous data, we
can use numerical CSP methods. The question to answer, namely: find a witness or
prove none exists, is addressed readily by these methods: see the literature in [15].

4.3 Formal Definition of Types of UCSP Closures

Summarising, we have defined support operators and outlined means to compute them.
Now, with these tools, we are able to define closures of different types and give methods
to derive them. Recall that the motivation to consider closures of different types is
that a UCSP can be used for different purposes; a bounded data representation does
not limit the type of resolution sought. Depending on the user requirements and the
data representation, reliable inference can be achieved with solutions which are subsets
of the full closure. Thus four types of closure were informally introduced earlier, and
illustrated in Figure 1. The last subsection and the coming next section present methods
to reason upon these closures:

Definition 6 (Types of closure).A closureΣ-1
ρ (RP ) ≡ ρ(P ) � Cl(P ) is:

1. thefull closure iffΣ-1 is surjective onSP , i.e.Σ-1(RP ) = SP ,
2. a covering setif Σ ◦Σ-1

ρ (RP ) = RP ; and minimal iff|Σ-1
ρ (RP )| is minimal,

3. a robust setiff Σ(s) = RP , ∀s ∈ Σ-1
ρ (RP ); and maximal iff|Σ-1

ρ (RP )| is
maximal,

4. a most robust solutioniff |Σ-1
ρ (RP )| = 1 and|Σ ◦Σ-1

ρ (RP )| is maximal. ut

While the full closure is unique for any UCSP, other closures need not be; there
may be multiple closures of one type. For instance, as we saw earlier, there are two
minimal covering sets of the UCSP of Example 3. We callsingleton closuresthose that
are necessarily formed of one element, such as a most robust solution closure.

Example 6.Returning once more to the abstract CSP of Example 3, the different clo-
sures for the problem are:

– The full closure isSP = {a, b, c, d, e}.
– The covering set closures are any subset ofSP containing at least one of:

{a, b}, {a, c, e}, {b, c}, or {c, d, e}.
– The minimal covering set closures are two:{a, b} and{b, c}.
– There is no robust set closure, since no solution covers all realisations.
– The most robust solution closure isb, which covers three realisations. ut

Because the criteria for elements of a robust set closure are strong — each element
must cover all realisations — it is common for no robust set closure to exist, as in the
example. This said, because of the strength of its definition, when such afully robust
solution does exist, the robust set closure comes to life:

Proposition 1 (Robust set closure).If S is a non-empty robust set closure, every ele-
ment ofS is both a most robust solution closure and a minimal covering set closure.ut

4 An analogy might be drawn with mathematical programming, where continuous problems
(e.g. LP) are more amenable to analysis than discrete problems (e.g. IP).



The result, explaining the relation between a robust set closure and other types of
closures, can be used to derive other closures from a robust set. Firstly, since every
element of a robust set closure is a fully robust single solution, by definition, each
is a most robust solution closure. As a trivial corollary, every most robust solution is
contained in some maximal robust set closure. Secondly, since every element of a robust
set covers all realisations, each is a covering set closure; in fact, a minimal covering set.

4.4 Complexity

The complexity of UCSP resolution depends on the decision question, which varies for
different closures. We analyze the complexity by expressing these closures in first order
logic, extended for convenience with set semantics. Supposing a tuple of valuesv, the
support ofv as a potential solution is expressed by the formula:

∃λv : C(v; λv) (1)

We can then describe these closures:

– full closure: the set of allv satisfying (1), i.e.:

∃v ∃λv : C(v; λv) (2)

– covering set: letS be a set ofv satisfying (1); a covering set closure is:

∀λ∃vλ ∈ S : C(vλ; λ) (3)

– robust set: letS be a set ofv satisfying (1); a robust set closure is:

∃v ∈ S ∀λ : C(v; λ) (4)

A most robust solution is more awkward to write in this way because the maximality
of |Σ ◦ ρ(P )| is integral to the definition. In contrast, for the covering and robust set
closures, minimality or maximality is only required to give us the minimal covering set
or maximal robust set respectively.

For the full closure, in Section 3.1 we noted how the decision question for a UCSP
(‘Does there exist a potential solution?’) reduces to that for a classical CSP (‘Does there
exist a solution?’), if we treat the parameters as variables.5 Thus the decision problem
for one potential solution of a UCSP, i.e. (1), is NP-complete.

The full closure corresponds to the set of all potential solutions, i.e. (2). For a clas-
sical CSP, finding all solutions isΣp

2 -complete, since we guess a complete solution set
and check it in NP time; it cannot be checked in P time in general. By a similar argu-
ment to the above, findingSP for a UCSP isΣp

2 -complete. In contrast, for a general
QCSP, finding all solutions is PSPACE-complete.

Remark.For mixed CSP, deciding consistency isΠp
2 -complete [7], whereΠp

2 = co-Σp
2

is the complementary complexity class toΣp
2 . Deciding strong consistency is inΣp

2 ,
5 Provided these pseudo-variables are instantiated before the actual decision variables. While

this reduction is helpful from a theoretical perspective, operationally, as we also noted, in
general it is not the best means to derive the full closure.



unless parameters are logically independent, when it is NP-complete. For stochastic
CSP, deciding consistency is PSPACE-complete [14]. For a one-stage problem, it is
Σp

2 -complete. Thus we can say that finding the complete solution set of a UCSP has
the same worst-case complexity as deciding consistency of a mixed CSP, or deciding
consistency of a one-stage stochastic CSP. It follows also that deriving a most robust
solution closure to a UCSP isΣp

2 -complete.

Neither (3) nor (4) have the double existential quantification of (2). Hence the re-
duction to a classical CSP does not extend to covering or robust set closures. However,
similar arguments to the above show that the covering set and robust set closures have
the same complexity as the full closure. In contrast, deriving the minimal covering set
and maximal robust set closures is an optimisation problem over subsets of the full clo-
sure. The complexity thus increases up the polynomial hierarchy to the class PSPACE,
the same complexity class as the general QCSP.

5 Deriving Closures

We now show how to derive other closures, besides the full closure, by computing
the relevant uncertain solution operatorsρ. The derivations rely, either implicitly or
explicitly, on computation of the relevant support information.

5.1 Deriving One Closure From Another

In the last section we noted that the simplest means to calculate the full closure, naive
reduction to a classical CSP, is not feasible for some of the other types of closures.
However, from the lattice of closures in Figure 1 we can design efficient methods to
compute one closure from another in some cases.

By definition every closure is a subset of the full closure. Thus in principle one
can derive any closure by first deriving the full closure, then winnowing its elements
according to the distinguishing property of the closure sought (Proposition 6). A more
common situation is when we know some covering set closure and wish to compute a
smaller covering set if one exists. This leads to examining the support of each element.
However, perhaps contrary to intuition, it is not always possible to derive a minimal
covering set closure (call it MCS) from a covering set closure (call it CS). The reason
is that MCS need not be a subset of CS. It is a member of the set of all covering sets,
by definition, but any given CS might omit elements of MCS.

Even when two closures are not partially ordered in the hierarchy, it is still possible
to gain from the knowledge of one. For example, knowing a covering set is a reasonable
starting point for deriving a robust set. This is because single solutions in a covering set
are likely to cover many realisations, and so are likely to be more robust than solutions
chosen at random.

There are some situations when it is particularly simple to derive one closure from
another. For instance, Proposition 1 tells us that a robust set closure, when one exists,
provides immediately a most robust solution and also a minimal covering set. In con-
trast tocoverage(the number of realisations covered by a closure),robustness(whether
a singleton closure covers all realisations) is a monotone property. That is, a maximal
robust set closure necessarily contains every robust set closure. It is also true that a most



robust solution closure is contained in a maximal robust set, but it is not necessarily true
that it need be contained in a minimal covering set. Consequently, because of the mono-
tonicity, from the full closure it is tractable to compute a maximal robust set closure and
also a most robust solution closure (but not to compute a minimal covering set closure).
We class this as an enumeration algorithm, and list it below.

5.2 Transformation Resolution Form

Transformation proved to be a powerful means of deriving the full closure for some
constraint classes [19,20]. To use it for other types of closures, we must reconsider the
definition of a Certain Equivalence Transform. Analysing the correctness proof in [19]
reveals that the increasing property ofτ , i.e. c � τ(c), is used only to establish that
Cl(P ) � ρ(P ). Removing it generalises the definition of a CET:

Definition 7 (Generalised Certain Equivalence Transform).A lattice homomorphism
τ : C → Ĉ is a generalised certain equivalence transformif it preserves certainty, and
is monotone and idempotent (but not necessarily increasing). ut

Given the desired type of closure, a generalised CET is combined with a suitable
property for the closure type, to give a type-specificspecialised CET. Thus, for any
UCSP, we have a family of CETs. Each specialised CET in the family gives rise to an
uncertain solution operator that computes a closure of the specific type.

An initial observation is that every uncertain solution operator computes a subset of
the full closure, i.e. satisfies (1).

Definition 8 (Closure-contained).We say a mapρ : C → Ĉ is closure-containedif
ρ(P ) � Cl(P ) for any UCSPP . ut

The main result states the features of the specialised CET for each type of closure:

Proposition 2 (Specialised CETs).LetP be a UCSP and letτ0 be a generalised CET
for P . Supposet is a type of closure. Letτt be a specialised CET fromτ0, let φt be a
solution operator complete forτt(P ), and letρt = φt ◦ τt.

Then for each specialised CETτt formed by adding the following properties, theρt

to which it gives rise is an uncertain solution operator that computes a closure of the
following types:

1. the full closure if τfull is tight and increasing, i.e.ρfull(P ) � Cl(P ) and
c � τfull(c)∀c,

2. acovering setif ρcs is closure-contained, and:Σ◦ρcs(P ) = RP ; and minimal
iff |ρcs(P )| is minimal,

3. a robust setif ρrs is closure-contained, and:Σ(s) = RP , ∀s ∈ ρrs(P ); and
maximal iff|ρrs(P )| is maximal,

4. a most robust solutionif ρmrs is closure-contained, and:|ρmrs(P )| = 1 and
|Σ ◦ ρmrs(P )| is maximal. ut

Proposition 2 yields a method in principle to derive any closure by transformation.
First, define a suitableτt. Second, computeP ′ = τt(P ). Third, find the complete so-
lution set ofP ′ using a certain solution operatorφ. Note that, especially if the closure
definition contains an optimisation facet, such as a most robust solution closure, thenP ′



may be a CSOP, i.e. feature an objective function. In this case, in line with the standard
notion for CSOPs, the complete solution set ofP ′ is the set of all optimal solutions.

The key issue in practice is to find a suitable transformation for a given constraint
class, just as it was for the case of the full closure [20]. As before, the complexity of
the resolution form hinges on the complexity of the transformation, and of solving the
equivalent problem.

Example 7.Continuing Example 3, we will derive a covering set closure by transfor-
mation. Let us suppose the UCSPP has single variableX, with domain{a, b, c, d, e},
and single parameterλ, with uncertainty set{1, . . . 4}, andP has the sole constraint
that gives realisations and solutions as in Figure 2.

Let τ map the UCSPP to the CSPP ′ given by:V = {X}, D = {DX} where
DX = {a, b, c}, andC = ∅. The complete solution setP ′ is (trivially) X ∈ {a, b, c};
and{a, b, c} is a covering set closure forP . Moreover,Σ ◦ρ(P ) = {1, . . . 4} = RP , as
required by the last Proposition. Thisτ is by no means unique. The choice of whichP ′

to transform the UCSP into greatly impacts the complexity of deriving the closure.ut

5.3 Enumeration Resolution Form

When transformation is not suited for a constraint domain, enumeration is usually an
alternative. Again we would like to use it for other types of closures. For lack of space,
we can only sketch the algorithms we have developed in each case. For the full descrip-
tions, we again refer to [18].

– covering set closure. Derived by searching through the space of solutionsS or
realisationsR.

– minimal covering set closure. Approximate derivation by refining a covering set
closure, or exact (but expensive) computation of all minimal covering sets for a
discrete data UCSP, inspired by Russian Doll Search [17].

– robust set closure. Derived by refinement from the full closure, as described above.
– most robust solution closure. Derived by branch-and-bound with forward checking.

In various forms, the most robust solution is studied in the literature for reasoning
about CSPs under uncertainty: as we noted earlier, a single robust solution is the most
common solution sought. The branch-and-bound method listed above is a variant of
an algorithm for mixed CSPs [7]. Since a most robust solution is a singleton closure,
we can apply other methods for constraint optimisation problems. On one hand, there
are improvements and hybrids of branch-and-bound (e.g. [16]), and on the other hand
there are algorithms based on alternative approaches, such as dynamic programming
(e.g. [17]). The gain these more advanced methods have in common is that they exploit
the structure of the problem, particularly to reuse computation on subproblems.

5.4 Case Study: Aerospace Component Control

For the aerospace planning problem outlined earlier, the UCSP is a reliable model. It
captures both the uncertain but bounded evolution of e.g. temperature, and the model
of anticipated contingencies. The full closure does not present an adequate resolution
of the model, however, because the properties sought of the solution are that it should



provide one course of action for every anticipated contingency (a complete conditional
plan). While reliable since it does cover all realisations, the full closure potentially
contains many additional solutions for each realisation. This is a disadvantage because
of the effort needed to compute and, crucially, store such a potentially large conditional
plan. Instead, a covering set closure provides the sought resolution: it covers every
realisation with (at least) one realisation with one course of action for that realisation.

For this application, the instance of the UCSP and the sought resolution combine
to give an instance of no-observability mixed CSP [7]. While the two models differ
in general, they converge when this type of resolution is sought. Thus, in [21] where
different enumeration methods are presented to compute the covering set closure for
this UCSP instance, an efficient decomposition method based on [7] can be adopted.
The idea is to first derive a feasible plan for a given realisation, and then decompose the
remainder of the UCSP by removing from future consideration all realisations covered
by this plan. Although the minimal covering set is not guaranteed, heuristics guide the
algorithm towards a covering set of smaller cardinality. Moreover, the algorithm can be
made anytime in regard to the initial steps of the plan (variables in the UCSP) as well
as coverage of the realisations.

Note that to execute the plan we must know which element of the closure to select,
given knowledge of the occurred realisationr∗; this is precisely enumeration support
information, i.e.Σ(r∗). Fortunately, this support information is computed when deriv-
ing the covering set closure: the decomposition algorithm terminates with a list of plans
(in the closure) that cover a given realisationr. In fact, this list contains at least one but
may not contain all such plans, i.e. the support operator computed is not complete.

6 Conclusion and Future Work

The uncertain CSP extends the classical CSP to model incomplete and erroneous data,
bounding it with a form of quantification. Its resolution is a closure, a set of potential
solutions. While the full closure is suitable for UCSPs that model erroneous data (and
where the user seeks a guarantee that the resolution contains at least one reliable so-
lution), we showed that a UCSP model can be combined with different requirements
on the solution in a meaningful and effective way, by deriving alternative closures such
as the covering set, robust set, and most robust solution closures. We gave a formal
definition of such closures in the UCSP framework and outlined means to derive them.

Extending the classical CSP, the UCSP is a restriction of the general quantified CSP.
While the full closure corresponds to simple double existential quantification, other
closures correspond to more complex queries. Nonetheless, by exploiting the restricted
quantification, we can obtain efficient means to derive closures in various constraint
domains. An interesting open question is whether specialised techniques for UCSPs
can be used to enhance the resolution of generic QCSPs, just as the latter benefits the
former. For the future, we are exploring which properties of constraint classes can be
leveraged for the resolution forms given here for different closures: for instance, to
derive an efficient specialised CET operator, as done for the full closure [20].

Lastly, for all the closures we have introduced, the form of the resolution derived
for the UCSP corresponds to ‘one-step’ data uncertainty:all variable values must be
decided either before or after (depending on the application)all the parameter values are
known. Some applications have multiple-stage of decision interleaved with acquisition



of knowledge of the parameters. This leads to the concept of a ‘multi-step’ closure,
which corresponds to a generalisation of the number and pattern of quantifiers seen in
Section 4.4, moving such multi-step UCSPs closer to the general QCSP.
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